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Abstract 

We address the question of interpolation of the virtual Compton scattering process off a polarized 
nucleon target between the deeply virtual regime for the initial-state photon and its near on-shell 
kinematics making use of the photon helicity-dependent Compton Form Factors (CFFs) as a 
main ingredient of the formalism. The five-fold differential cross sectioiJl] for the reaction with all 
possible polarization options for the lepton and nucleon spins is evaluated in terms of CFFs in 
the rest reference frame of the initial-state nucleon. We suggest a rather simple parametrization 
of the Compton hadronic tensor in terms of CFFs which are free from kinematical singularities 
and are directly related, at large photon virtualities, to Generalized Parton Distributions. We 
also provide a relation of our basis spanned by a minimal number of Dirac bilinears to the one 
introduced by Tarrach for the parametrization of the virtual Compton tensor and utilize the 
former to establish a set of equalities among our CFFs and Generalized Polarizabilities. As a 
complementary result, we express Compton scattering in the Born approximation in terms of 
CFFs as well. 
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Figure 1: The target rest frame, used in tliis work, is the same as adopted in our previous consideration 
[1]. The z-axis is directed counter-along the photon three-momentum Qi, the 2;-component of the 
incoming electron momentum k is chosen to be positive. The angles parametrizing the five-fold cross 
section ([T]) are defined as follows: (p is the azimuthal angle between the lepton plane and the recoiled 
proton momentum, while the difference ip = ^ — (p for fixed (j) is determined by the direction of the 
transverse nucleon polarization vector component S± = (cos$,sin$). 

1 Introduction 

Virtual Compton scattering on a nucleon, 7*((?i)A^(pi) — )■ 7(92)-^ (P2), plays a distinguished role 
in the quest to access its internal content and unravel the mysteries of strong interactions. The 
reason for this is multifold. Experimentally, the scattering process off a proton can be measured 
in a straightforward fashion, free of complications of composite probes, via scattering of leptons 
on a hydrogen target. The five- fold differential cross section for the emission of an on-shell photon 
to the final state, i{k)N{pi) -> i{k')N{p2)l{q2), reads 



,..3 

da 



16 7r2 Q^^TTT^ 



e3 



dx^dQ d\t\d(j)d({) 



in the approximation that neglects the mass of the lepton. The phase space is parameterized 
by the Bjorken variable x-q = Q^/(2pi ■ qi), which is in turn determined by the momentum 
qi = k — k' of the initial-state photon of virtuality = —qf, the square of the t-channel 
momentum t = {p2 — Pi)^, the azimuthal angle of the recoiled nucleon, and for a transversally 
polarized target yet another (relative) angle where the latter two are defined in the rest frame 
of the target as depicted in Fig. [TJ Finally, we introduce the variable y = Pi ■ qi/pi ■ k for 
the lepton energy loss and a shorthand nation for e = 2x-qM/ Q that incorporates nonvanishing 
target mass effects. In the above five-fold cross section, the leptoproduction amplitude T is a 
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linear superposition of the Bethe-Heitler (BH) and virtual Compton scattering (VCS) amplitudes, 
depending on whether the real photon is emitted off the lepton or nucleon, respectively. In the 
scattering amplitude 

r = r^« + r^cs^ (2) 

the former is determined in terms of the nucleon matrix element of the quark electromagnetic 
current 

j, = M,mpi), (3) 

while the hadronic Compton tensor, 

T,. = tl rfSet(^^+«^)-(p2|r{j,(z/2)j.(-^/2)} bi) , (4) 

encodes information on more intricate long-distance dynamics. This is the main observable for 
our subsequent analysis. 

The variation of the virtuality of the initial state photon allows one to probe a wide 
range of distance scales, interpolating between short- and long-wave structure of the nucleon. A 
number of observables are available to achieve this goal, all representing different facets of the 
same reaction. For real to slightly virtual initial-state photon, produced as a bremsstahlung off 
the lepton beam, and low energy u' = of the outgoing photon, the Compton amplitude admits 
conventional multipole expansion with leading contributions defining the electric a and magnetic 
/3 polarizabilities of the nucleon, see, e.g., Ref. [2\ for a review. The latter characterize the linear 
response of the nucleon to the electric and magnetic fields of the incoming photon which slightly 
distorts the hadron and, as a consequence, induces (in the quasi-static approximation) nontrivial 
electric d = aEi^ and magnetic /x = /3-Bin dipole moments. The latter then interact with the 
electromagnetic fields of the outgoing photon through multipole couplings d ■ Eont + A* ■ -Bout- 
The experimental values for the coefficients a and (3 are very small indicating that the nucleon is 
a very rigid object allowing only for a very small deformation. Understanding of their magnitude 
within effective field theories comes about as a result of a subtle cancelation of the pion cloud 
and quark-core effects. For an off-shell initial-state photon with virtuality that scatters on a 
polarized spin one-half target, one can introduce ten |3] generalized, — referring to the functional 
dependence on rather than being mere numbers, — polarizabilities which reduce to six, once 
one imposes charge conjugation and crossing symmetry constraints [4J. 

Increasing the momentum transfer in the t— channel results in large-angle scattering of the 
emitted real photon in the final state. As a consequence, one enters the domain of the wide-angle 
Compton scattering. In this kinematics the process receives quantitative description within QCD 
factorization approach with the leading asymptotic behavior driven by the hard gluon exchanges 
between nucleon's constituents [5] and by the Feynman soft mechanism at moderate t with the 
amplitude arguably described by a hand-bag diagram [6l [7]. The real Compton Form Factors 
emerging in the latter framework are actually moments of more general functions encoding the 
partonic degrees of freedom in the nucleon. 

In the deeply virtual regime of large Euclidean and fixed t, the probe resolves individual 
nucleon's constituents and the process admits a full-fledged description in terms of the Gener- 
alized Parton Distributions (GPDs) |8l [9l [10]. However, the Compton amplitude itself is only 
determined by an integral of GPDs accompanied by a perturbatively computable coefficient func- 
tion. These convolutions are known as Compton Form Factors (CFFs) [1]. Making use of the 
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gauge invariance, discrete symmetries and crossing, one can establish that there are twelve inde- 
pendent CFFs when the outgoing photon is real. They describe information about the hadron 
for all possible polarization settings of the nucleon and the resolving photons. Since this de- 
composition is general, the CFFs define the amplitude in all kinematical regimes, interpolating 
between the aforementioned polarizabilities at low energies, and thus describing the response of 
the nucleon as a whole to the external probes, all the way up to probing partonic degrees of 
freedom at high energies. 

The goal of the present study is to elaborate on our previous analysis [H] and provide a 
complete set of exact results for helicity amplitudes describing the virtual Compton scattering, 
on the one hand, filling the gap for transversely polarized target as well as contributions of the 
double helicity-flip effects that were not entirely worked out before, as well as deliver a set of 
relations between CFFs and polarizabilities introduced in earlier studies |1] making use of the 
Tarrach's decomposition of the Compton tensor [12] , on the other. Thus we establish a useful 
dictionary that can be used to re-express the results of experimental measurements in terms of 
the same observables, Compton Form Factors. 

Our subsequent presentation is organized as follows. In the next section, we review the 
formalism of helicity amplitudes, used previously by us in the deeply virtual kinematics, and 
provide a set of exact concise formulas for all polarization settings, unpolarized, longitudinal 
and transverse, of the nucleon target. In Sect. [3l we address the question of gauge-invariant 
decomposition of the hadronic tensor. We start there with an exactly solvable toy example of a 
point particle and then suggest a rather simple parameterization of the Compton tensor in terms 
of CFFs that are free of kinematical singularities. The connection to the structure functions 
defined by Tarrach and the form of CFFs in the Born approximation is established by means of 
helicity amplitudes. In Sect. HI we develop, based on our findings, the low-energy expansion of 
the CFFs and provide a complete set of relations to the Generalized Polarizabilities of Guichon 
et al., introduced in Ref. [3]. Finally, we summarize and point out further applications of our 
unified framework. A number of appendices serve to explain different reference frames used to 
determine the kinematics in our computations, as well as a number of explicit results that prove 
to be too long to fit in the main body of the paper. We add that all results reported here are 
also available as a Mathematica code for easy computer implementation by practitioners. 

2 Cross section in terms of helicity amplitudes 

In recent investigations [TTl [13] , we demonstrated that the deviation between the data on hard 
electroproduction of photons and theoretical estimates for corresponding observables within the 
approximation scheme of Ref. [I] could be reconciled by calculating kinematical corrections in 
the hard scale exactly while ignoring dynamical high-twist contributions altogether. The neglect 
of the latter was motivated by the hierarchy of low-energy scales associated with hadronic matrix 
elements of high-twist operators which are smaller than soft kinematical scales encountered in 
the problem, i.e., the nucleon mass and the t-channel momentum transfer. Incorporation of 
the kinematical power-suppressed effects was achieved by separating them between the leptonic 
and hadronic parts independently and by evaluating photon helicity amplitudes utilizing the 
polarization vectors for the incoming and outgoing photons in the target rest frame. In addition to 
providing an efficient computational scheme, it has another advantage of localizing the azimuthal 
angular dependence in the lepton helicity amplitudes for the choice of the reference frame with 
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the z-axis counter-aligned with the incoming photon three-momentum, as shown in Fig. [H It 
also allows one for a straightforward reduction to the harmonic expansion introduced in Refs. 

mm- 



2.1 Form factor parameterization of hadronic helicity amplitudes 

Let us start with the hadronic component of the leptoproduction amplitude of a real photon. We 
define the nucleon helicity amplitudes for the (deeply virtual or quasi-real) Compton scattering 
as 

r:i^H<P) = i-ir-'4*{b)Wia), (5) 

by contracting the VCS tensor (jl]) with the photon polarization vectors. Here, the overall phase 
(— 1)*^"^ accounts for the signature factor in the completeness relation for the photon polarization 
vectors. The a and b indices take the following values a G {0, ±1} and b = ±1. The e-vectors for 
the virtual photon are given in our reference frame by 



e 



Ti4 I 



£^(±) = ^(0, 1, ±t, 0) , ^^'(O) = -{-Vl + e2, 0, 0, 1), (6) 
V2 e 



while for the real photon they are 




Vl- 


f 






2 & 


+x-B,t 



47± = 0, / " ^" "^ COS ± i sin 0, cos + / " ^^ "^ sin^. 

Here, we introduced for later convenience a kinematical factor 



(7) 



K = ^{1-xb)xb + j ^ gi , (8) 

which vanishes for xb = and also at the minimally (maximally) allowed value of the t-channel 
momentum transfer —t = — tmm {-~t = ~^max) with 

^, 2(l-XB)(l-v/r + ?) 2(1 - xb) (1 + v^TT?) 

'"'^ ^ 4xB(l-XB) + e2 ' ^ 4xB(l-XB) + e2 • 

In turn, K becomes complex valued if one reaches the kinematical boundary value xb = 1- 
Consequently, this factor encodes the phase space boundary in hadronic variables. In the explicit 
computation of Eq. ([5]), we use the Lorentz covariant decomposition for the e- vectors in terms 
of momentum four-vectors defining the process, which we often write for convenience in terms 
of the t-channel momentum transfer, the sum of nucleons' momenta, the averaged momentum of 
the photons, and a vector orthogonal to the previous thre^: 

A^=pi^-pt, p^=pt + pi^, = + q^) , e'^^^^ ^ 6%^pVA^ . (10) 

The coefficients in such an expansion are given in terms of the kinematical invariants introduced 
above. A complete set of relations is deferred to the Appendix \M 



■^As in our previous work, we also adopt here to the conventions of Itzykson and Zuber [15], i.e., for the 
Levi-Civita tensor we choose the normahzation e"^^'^ = +1. 
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The computations of the cross section ([T]) by means of the hadron hehcity amphtudes (j5]), 
presented in the following two sections, require an explicit tensor decomposition of the Compton 
amplitude. Unfortunately, no consensus exist on the form of parametrization of such a tensor 
even for DVCS kinematics. In the latter case, the partonic interpretation of the T^^, arises from 
the application of the Operator Product Expansion (OPE) techniques which valid to a given 
accuracy in the 1 / Q-expansion and this leaves a substantial ambiguity in the parametrization of 
the hadronic amplitude depending on the fashion that one restores its gauge invariance broken 
by the leading order approximation. 

To go around this problem, we first parameterize directly the photon helicity amplitudes ([5]). 
Thereby, we describe the nucleon-to-nucleon transition for given photon helicities in terms of 
two even parity and two odd parity bilinear Dirac spinor covariants, analogously to the manner 
they appear in the standard form factor parameterization of the vector and axial-vector currents. 
Moreover, we take into account that the above helicity amplitudes for opposite pairs of helicities 
are not independent of each other and are rather related by the parity conservation, generically 
written as 

r^y^ij^) = ryy^T) , (ii) 



where J-'^ stays for CFFs with definite parity P = ±1 (even parity P = 1 refers to vector 
case while odd one P = —1 refers to axial- vector case). As a consequence, we have a set J-" 
of three times four independent CFFs and our helicity amplitudes can be expressed in terms 
of six linear functions, three depending on two even (or two odd) CFFs. Furthermore, we can 
summarize diverse formulation in a single parametrization since the representation of the photon 
polarization vectors in terms of kinematical variables allows us to use the Dirac equation for the 
free nucleon spinors. Consequently, we write the helicity amplitudes in following form 

7;yCS^y(j-^^)_^^(j-^^) fo^ &€{ + ,-} (12) 

in terms of the vector and axial- vector form factor parametrization, 

(~ m ■ A ~ \ 

i^lh y-ab + 75 £ab j Ui , (14) 

with a convention-dependent vector and bispinors ui = u{pi, Si), normalized as u{p, S)u{p, S) = 
2M. Such a uniform functional form for all photon helicity options, which closely matches the 
GPD notation, is very convenient for the evaluation of the cross section. However, one has to 
take special care tracing potential kinematical singularities. Emphasizing the simplicity of the 
underlying analysis, in Sect. Owe will state how CFFs can be defined in a singularity free manner. 
A few other comments are in order. Our conventions imply the relations 

J' = -7>+ , J'o- = J'o+ , and = for J' E {"H, £, H, £} . (15) 
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The above vector in the GPD framework is often equated to a fixed hght-hke vector and 
refiects, loosely speaking, also the accuracy in restoring gauge invariance lost within the twist- 
two accuracy. A couple of fixed light-like vector choices were explored in the literature, see, e.g., 
discussion in Ref. [16J. Going beyond the leading twist approximation, the choice m = q^/p - q is 
physically motivated and guarantees a proper behavior under Lorentz transformations as well as 
allows one for a simple implementation of the Bose symmetry p^.]. Another choice = qi/pi ■ qi 
can be advocated by the fact that in our reference frame this vector contains only longitudinal 
degrees of freedom. Finally, oc q2 can also be taken as a light-like vector in the GPD 
framework pTl [T8] . Using the free Dirac equation for the nucleon spinors it becomes obvious 
that the parameterization (fT2l) - (fT^ in terms of spinor bilinears is complete and, hence, different 
choices of correspond to a linear transformation in the space of CFFs. As in previous work, 
we will use the following vector 

= q'^/p ■ q 

throughout our current analysis. 

The above helicity CFFs can be expressed in terms of the ones emerging in the GPD frame- 
work. However, since the latter relies on a truncation of the 1 / Q-expansion, the resulting relations 
will depend on a particular parametrization of the Compton tensor and identification of CFFs as 
a convolution of GPDs and perturbative coefficient functions valid only to a very low accuracy 
in 1/Q-expansion. In Sect. [3] an exact set of CFF relations will be given, see below Eqs. fll27p - 
(11281) . here we quote the leading contribution to the helicity form factors from the twist-two 
J-'(= the effective twist-three J-"^^ and gluon transversity J-'t CFFs, 

T++^T+0{1/Q')^ (16) 

where some typical kinematical factors were treated here exactly preparing the stage for full- 
fledged formulas. In the amplitude J-o+, we used an effective GPD inspired CFF 

J^''^ = -2^ (r^-^ + ^+'^ ~ -^-""'^ + O + o (as/Q) . (19) 

These contain a twist-two induced part and twist-three quantities Jv| that are given in Ref. [1], 
see Eqs. (84)-(87) there. Note, however, that these effective CFFs are also affected by the twist- 
two gluon transversity, formally suppressed by as, and also high-twist contributions. As it has 
been discussed in Ref. for a scalar target, the transversity admixture to the longitudinal 
helicity-flip amplitudes presently is not under theoretical control and its clariflcation requires a 
twist-three analysis at NLO accuracy. Above we made use of the generalized Bjorken variable ^ 
that is expressed via xb as follows C, — a;B/(2 — xb)- Further insights on the interplay between 
the current conservation, the choice of the partonic scaling variables and, respectively, the choice 
of the auxiliary light-like vectors and kinematical effects can be found in Ref. [13] and below in 
Sect. O 

Having flxed the parametrization of the hadronic helicity amplitudes ffT^ - f[T^ by the choice 
m'^ = q^/p ■ q, we will turn now in the next two sections to how they are incorporated into 
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the squared of the VCS amphtude as well as its interference with the Bethe-Heitler process. 
We emphasize once more that the uncertainties from kinematical and dynamical higher twist 
contributions, appearing in the relation of hadronic and partonic quantities for the deeply virtual 
kinematics, are entirely encoded in the relations of helicity dependent CFFs Tab to the set of 
CFFs that one adopts for the evaluation of the hadronic tensor. Thus, the results that follow are 
exact, free of any approximations. 



2.2 Squared Compton scattering amplitude 

Let us now calculate the square of the (D)VCS amplitude, entering the cross section ([1]), where 
the lepton mass is set to zero and the polarization of the final state lepton remains unobserved. 
Using the completeness relations for the photon polarization vectors, we can rewrite this square 
as 

\r^'''\' = ^. E E i^^M)y^ab. (20) 

^ a=-,0,+ b=-,0,+ 

in terms of the hadronic, 

y^ab = r:i^' (t;^) * + rl'^' (r^y') (21) 

and leptonic, 

Cab{\A)=sT{a)L^.WEUb), (22) 

amplitudes, labeled by the helicity states of the initial and final photons. Here, the familiar 
leptonic tensor for the initial-state lepton with helicity A = ±1 reads 

L^,u = 2Q"^ {k^kl + kyk'^ - k ■ k'g^^ + iXe^„kk') ■ (23) 

Note that |A| < 1 can be also regarded as the polarizability of the lepton beam. More explicitly, 
one finds for the squared VCS amplitude fl20l) 

g2|^vcs|2 ^ c+^^x)W++ + £++(-A)>V- + Coomo (24) 
+ £o+(A, 0)>Vo+ + Co4-K -0)>Vo- + /:o+(-A, 0)W+o + CoAK -0)W_o 

+ £+_(0)w+- + /:+-(-0)W-+. 

The leptonic helicity amplitudes can be calculated exactly yielding known results, e.g., in the 
form already presented in Ref. 



C^M)-'-^^^0^V-2^^-y-'iy^e-, (27) 



c^-W = ^3(5^ 1 1 - y - -y^ I e"* . (28) 
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The remaining amplitudes are related to the above by parity- and time-reversal invariance, 



£o-(A,<? 
£__(A) 



^++(-A), 



/:_+(0) = £+_(-0). 



(29) 



The helicity amplitudes of the hadronic tensor ( l2Tl) take the following form in the spinor 
representation ( fT2l) - (|T^ . 



S' c=±l 



ab 



and will be evaluated exactly for given nucleon polarizations. We decompose the polarization 
vector of the initial nucleon in its transverse and longitudinal components, 



S^'{<i>,9) = sm9St^{<l>) + cos9S^, 
where the angle is $ = + is introduced in Fig. [H while the individual vectors 
Sl^iip + 0) = (0, cos(vp + 0), sin(yp + 0), 0) , = (0, 0, 0, 1) , 



(30) 



(31) 



can be expressed in the basis of momenta ffTOj) . see Appendix |X1 The outgoing nucleon will be 
treated in our considerations as unpolarized, since we are not aware of any plans to perform recoil 
polarization measurements in experiments for a rather challenging virtual Compton scattering 
reaction. If needed, our work can be generalized along these lines. 

The Fourier coefficients, given by the square of the VCS helicity amplitudes, can be re- 
expressed as bilinear combinations of CFFs with their functional dependence reflecting the nu- 
cleon polarization states. Consequently, we decompose the square of the VCS amplitude into 
four terms exhibiting the spin of the target as follows. 



C? + Acos(e) 



VCS 
LP 



(32) 



iK 



+A sin(6') sm{ip) ^^tp- + ^ sin(6') cos(v9) 



K 



/7VCS 
'-'TP+ 



where we made the polarizability A of the nucleon target explicit. The naming of different 
C.y*^^(^, J-"*) functions is self-explanatory. These arise as bilinear combinations of CFFs making 
use of the definition f|T2|) . Their form will be given below. Moreover, we may consider J-" and J-"* 
as independent variables so that a uniform functional form can be employed in the evaluation 
of all initial-to-final photon-helicity state transitions: spanning the range between conserved to 
longitudinal-to-transverse, and transverse-to-transverse helicity-fiip contributions. 

Let us clearly spell out some of the changes in our definitions compared to the ones we used in 
our earlier studies. Note that in comparison to Ref. ^1], we redefined the combination C^p^ by 
puling out an overall factor of 1/ y/l + e^. Moreover, with respect to the approximate expressions 
of Ref. p] we also changed here the overall normalization of the transversity contributions. Note 
also that in the relations (JTTll and (fTSll between longitudinal and transverse helicity fiip CFFs and 
GPD inspired CFFs there appears a factor K and K^, respectively. Compared to Ref. [1], such 
kinematical factors are now stripped off if we express first and second order harmonics in terms 
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of helicity-dependent CFFs. Another modification is that the leptonic part for exact kinematics 
can be simply obtained by a set of substitution rules from our previous DVCS results that has 
been already discussed in Ref. [TT] and will not be repeated here. Finally, we also note that some 
of the remaining corrections in the hadronic part can be considered as a reparametrization of the 
scaling variable, i.e., 

^- 7^ ^ ^ 



2-XB 2-XB + ^' 

Now we are able to cast our findings into the form suggested in Ref. [1]. Namely, from the 
squared VCS amplitude (IMl) . the computed leptonic helicity amplitudes (l28ll and the definition of 
the hadronic coefficients as functions of the helicity-dependent CFFs, one can immediately 

read off the harmonic expansion, which we write here by analogy to Ref. |1] as 

|r^"^(0,^)r = ^ (^) + E [c^ (^) cosM) + sr\^) sin(n0)] I . (33) 



n=l 



The evaluation of the Fourier harmonics in Eq. ( 133|) is straightforward and provides for the 
coefficients in the decomposition 

cr^(^) = + cos 9 + sin 9 (34) 
snv) = + cos 9 sill + sin 9 s^^U^) (35) 

the following results: 
• Unpolarized target 



„VCS _ + + 2 /7VCS ^ X- T* \t T* \ t ^ r^CS ^ jr -p* \ 

(36) 



lT7^ X-XyVl + e^] UmJ (-^0+1^++,-^-+) , (37) 

■^^^"^^'3^eCCS(^_+,^;^). (38) 



„vcs 



„VCS 



'-'2,unp 



1 + 



• Longitudinally polarized target 



„vcs 

■'l.LP 



,vcs 

'2,LP 
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Transversally polarized target 



.vcs 

2-yK 



„vcs 

•-l.TP 

sVCS 
'1,TP 



.vcs 

-'2,TP 
„VCS 



M 



(42) 



+ 



XA cos{Lp)yC^pl 



—A sin((y9) 



2-!/ 



-TP- 



M 



2 - 



I -.vcs 
2-y I I !3m ' 



+ A sm{(p) 



sRe 



/7VCS 



-4 



1 - y - ^ y2 



53m 



v^rT^Asin(^)C^cs 

--vcs 1 (•^-+'-^++) • 



(43) 
(44) 



,2,TP J (1 + e')'/' M I A cos((/.) C^cs 

Here we introduced incoherent sums of transverse helicity-flip and non-flip CFFs: 



7VC8 



VC8, 



(46) 



where the + and — signs apply for S G {unp,TP— } and S G {LP,TP+} cases, respectively. 

By means of Eq. (^^, we find the following exact results for the bilinear CFF combinations 
that enter the VCS squared term: 



• Unpolarized target 
^vcs _ 4(1-xb)(1 + ^) 



•^unp 



(2 + —)e^ ~~ f 

[nn* + nn*] + — ... nn* - ^^ss* 



{2-XB + ^y 



4M2 



(47) 



^-2^1 + 4) ['HS*+S'H*+SS*]+'HS*+S'H* + -l-SS*}, 
(2-XB + ^) I V Qv ^ ^ 4M2 I 



Longitudinally polarized target 

" ^ ^2 



4(1-xb) 1 + ^ -f2(l-XB + f|^)e2 ^ ^ 

= — — [nn* + nn*] (48) 

4(i + 7#-(i-2;b)7^) r ~ ~ 



(2-XB + ^) 
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4a;B(l - x^) (1 + ^) J, + XB (1 + -^f 



2 (2 - XB + ^) 

(l + 32) 



[m* + ^?/*] 



+ 



2-xb + ^ I 2(2-a;B + ^) 4M2 



[^^* + ££*] , 



^vcs 

'-'TP+ 



Transversally polarized target 
2 



(2-XB + ^)- 



(49) 



/7VCS 

Urpp_ 



2-XB + 



[US* - sn*] 



2xt 



(2-xb + ^) 



■ [ns* - sn*] 



(50) 



Let us point out at this moment that the transverse double-flip CFFs, given in the approxi- 
mation ( 1T8|) . can be expressed by the gluon transversity CFFs which were introduced in Ref. [I9 
via the following linear map (cf. f lllSp and (I122l) - fll25p below) 



Tt-T lirp -f- Orp -\- Z Tirp 



+ 



t 



m 

J 



XBt 



1 + 



XBt 

2Q2 



(51) 



(52) 



1 - Xb + 



XBt 

2Q2 



l + ^]'H^-^sP + ^(2-XB + ^]sP 



2Q2 



£1 



^2 



^ njM , (n ^ ^ t ~[T9] 



. ^ a;Bt \ ^[19] 4MX + 4i^ [19] [19] 

Z — Xb H — 7^ ) c^T^ — ; ttj' — Xbc^j' 



XBt 



(53) 
(54) 



These obviously suffer from kinematical l/K"^ singularities. In the case of our unaltered twist- 
three CFF definitions such kinematical singularities cancel each other while for gluon transversity 
contributions we observe a partial cancelation in all four expressions for C-functions (1471) - (!50l) : 



C^^^( Jt, J^t) « for S e {unp, LP, TP+, TP-} 



and 



^VCS f T T* 



oc 



5° 



^nTP+,TP- 
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If we neglect power suppressed contributions, we retrieve for the C-functions the same functional 
form that was already found in Ref. [1]. Moreover, the behavior of helicity flip CFFs, indicated 
by the additional K and factors in the relations ( 1T7|) . ( lT8l) . ensure that all first (second) and 
second (first) order harmonics for unp and LP (TP+ and TP—) cases vanish in the limit t — )■ tmin 

as ^min ^ and tmin 

t, respectively. Finally, we add that our results are consistent with the 
expanded ones of Ref. [1] and that they have been numerically cross checked by means of the 
leptonic tensor and a hadronic Compton scattering tensor, given below in Eq. ( I132p . 



2.3 Interference term 



Let us now turn to the interference term. Inserting the completeness condition for the initial and 
final photon polarization states, one finds the interference term X as a linear superposition 



X 



t Pi (0)^2(0) 



,0,+ b=-,+ S' 



(55) 



of the products of hadronic and leptonic helicity amplitudes. The former were defined earlier in 
Eq. f|T2l) and the matrix element of the quark electromagnetic current ([3]) 



Jp = U2Tf,{A)ui with Tp{A) = jpFi(t) + ia^ 



per 



2M 



(56) 



is determined by the Dirac and Pauli form factors Fi and F2. Moreover, l/Vi{(j))V2{(f)) stands for 
the product of rescaled propagators of the Bethe-Heitler amplitude, specified in Eqs. (28)-(31) 
of Ref. [Ij. 

First we consider the hadronic part of the interference term fl55l) which, similarly to the 
leptonic part, has one open Lorentz index. The former is given by the VCS helicity amplitudes 
(fT2l)-(|T4l) and the electromagnetic current ( l56l) . and the resulting (axial-) vector amplitudes will 
be decomposed in the basis ( ITOl) of the physical momenta. Due to the electromagnetic current 
conservation, we can neglect terms proportional to Ap, which vanish upon contraction with the 
leptonic part The summation over the final nucleon polarization states yields the following 
expression in the vector sector 



n^vl = pp K„p(^) - c^] (^) + 2g,-^c^;^(^) 

Asin(6') sm{ip)M 



(57) 



-Pp- 
2ie 



iK 

" Acos(g) 
Q2 [TfTl^ 



TP- 



iK 



pqAp 



'-'TP T 



Asin(6') cos(v9)M j 



-LP 



TP+ 



(^) 



and analogously in the axial-vector case 
Acos(^) 



Pp 



'-'LP 



+Pp 



Asin(6') cos(v3)M 



xy 

LP 



TPH 



c 



xy 

TPH 



(^) + 



(5^ 



2gp 



t Ksm{e)cos{(f)M jA 



Crpp , (J-") 



\.x,A _ Asin(g) sin(y?)M x,a 

'-'unp . ~ '-'TP- 

iK 
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As it becomes obvious from these two equations, the result for the transversely polarized target 
can be obtained from the ones of unpolarized and longitudinally polarized cases by the following 
substitutions 



Acos( g) 

7TT 



unp 



(^) 



M T 

-A sm{e) sm{(p) C^'pi (T) 
iK 

Asin(6') cos(v3) M j... 



K 



Now we turn to the leptonic helicity amplitudes, 



where 
L 



= Q-'(A:-g2)'(A:-A)2tr|(l-A75) - 



(59) 
(60) 

(61) 

)-V + 7p(^''+ A)"V17m^- (62) 



This amplitude contains the entire azimuthal angular dependence of the interference term. Its 
contraction with the Lorentz vectors entering the decomposition of the hadronic amplitudes ([5] 
and fl58|) introduces the coefficients for the lepton helicity- independent. 









SSab 


3fJe£^,(A = O,0)< 




1 1 




1. Q2 ) 







Cab 
'^ab 
'^ab 



and helicity-dependent components 

Sab 



53m 



C(A = 0, 



(63) 



qV 
•^ab 
cA 
"^ab 



53m 



d_ 
dX 







r SCab ] 






\- 1 




> = 3fJe 


1 2i£pqAp 




[ J 





dX 



(64) 



respectively. Notice that in the deeply virtual regime, the leptonic coefficients with V and A 
superscripts are power suppressed. We also introduce the harmonic expansion of these coefficients 



1 ^ 1 ^ 
{^)Cab{4>) = ^ cos(n0) {5)Cabin) , {S)Sabi(p) = ^ ^ sin(n0) {5)Sabin 



xbU 



n=0 



(65) 



n=l 



where we include a conventional factor l/{x-By^)- 

As for the square of the virtual Compton scattering amplitude, listed in Sect. 12. 2[ we decom- 
pose the interference term in a Fourier harmonic sum and label entering contributions cf g with 
respect to the polarization of the incoming nucleon state S G {unp, LP, TP+, TP—}, 



X(0, ^) 



XByHVi{<P)V2{<p) 



^(^n^sif) cos(n0) + ^ sl^^{ip) sin(n(/)) 



n=0 



n=l 



(66) 



The Fourier coefficients c^g and s^g are straightforwardly obtained from the definitions given 
in this section and can be exactly expressed in terms of effective linear combinations of helicity 
dependent CFFs ([12]). 
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However, as it follows from Eqs. (ISTll . (j58ll together with (!63l) . (j64l) . an exact calculation of 
the interference term ( l55ll yields a result that is given by a superposition of factorized leptonic 
and hadronic components. Hence, we may introduce "effective" hadronic linear combinations of 
CFFs that read for the unpolarized and transversally polarized TP— components as follows 

'-^ab[n) <^ab{'n) 

q1 /^ITT ^ pice \ I ^^bi''^) pXy / -n \ I S^bi"^) pX,A/ -n \ 

i^aby'') ^ab{it) 

where S G {unp,TP— }, and for the longitudinally and transversally polarized TP+ parts as 



/ IX- ^ r^fTT ^ i ^'^abi^) r,X,V / -r- \ I ^C^fj{n) x,Af-r- \ 



SIMT.) ^ CUT..) + gg Cr(T.) . C-,^., , ,68) 

with S G {LP, TP+}. The explicit results of the calculation of the leptonic coefficients {5)C'g^{n) 
and {5)S'g^{n), defined in Eqs. ( I63|) -(l65l). are listed in Appendix [Bl From what was said above it 
follows that the dominant term in the deeply virtual kinematics is given by the coefficients Cg . 
Also it turns out that for a given harmonic all helicity amplitudes will contribute. However, in the 
regime of large photon virtualities, the first harmonics are dominated by the helicity conserved 
CFFs J>+ (of twist-two in power counting), while the second ones receive leading contribution 
from the longitudinal-to-transverse CFFs J-o+ (twist-three). The third harmonic is governed by 
the transverse-to-transfers CFFs determined at twist-two level by the gluon transversity 

GPDs. The latter contribution yields a cos(30) harmonic for unpolarized scattering, given by 
the real part of CFFs, and sin (30) harmonic for the longitudinally polarized part, this time 
expressed in terms of the imaginary part. The transversally polarized part is determined by the 
imaginary part of CFF combinations, leading to a cos(<y9) sin(30) and sin((y9) cos(30) harmonics. 
There also appear constant terms that are relatively suppressed by 1/ Q in the amplitudes and 
are dominated by twist-two operator matrix elements. 

We now list the explicit expressions for the Fourier coefficients in terms of linear photon 
helicity-dependent CFF combinations, where the separate terms are ordered with respect to 
their importance in the deeply virtual region: 

• Unpolarized target 

C++(0)3fJeC^+,,,p(0|J-++) + {++^ o+} + {++^ -+}, 

(69) 

C^+(l) \ \^e\ fCj+(l|J-+H 



"^0,unp 






4 J 


^ unp 


41 




4 J 


^ unp 


4 

3,unp 



\S++{1) J i 53m J \Sl+{l\J'+ 



+ {++^ 0+} + {++^ -+}, 

unp 

(70) 

Co+(2) 1 r 3f?e\ rCo\(2|J-o 



0+ 

A5o+(2) / l^SmJ \5o^_,(2|J-o+ 



+ {o+^ ++} + {o+-> -+}, 



unp 



(71) 

C_+(3)3ReC^+_„,p(3|J-_+) + {_+^ ^^} + {_^^ 0+}, 
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(72) 

where the CFF combinations C^h,unp '^ab,unp defined in Eqs. fl67|) and fl82l)- (l8ll) together 
with and S'^^'" , hsted in the Appendix IB.ll 

• Longitudinally polarized target [i.e., cos6' proportional part] 

4lp = AA5C++(0)3fJeC^+,Lp(0|-^++) + {++^ o+} + {++^ -+}, 

(73) 
(74) 

rcfl _ rA5Co+(2)ipeWCo^+(2|^o+)l ^ 1 + X ^ 1 

14L-M ^^0.(2) /l^>mii5o\(2|^o.)L + ^°^^^^^ + ^°^^-^^' 

(75) 

4LP = A55_+(3)3mC:^^^Lp(3|-^-+) + {-+^ ++} + {-+^ o+}, 

(76) 

where the CFF combinations Cjf,Lp and S^j^-^p are defined in Eqs. (jSHD and (1551) - (|57l) together 
with SC'^j^" and SS'^j^", hsted in the Appendix IB.2I 

• Transversally polarized target [i.e., sin^ proportional part] 

cJ^TP = AAcos(^) -^(5C++(0) 3fJeC^+^TP+ (0|^++) 
M 

- Asin(^) ^C++(0) 53mC^+^TP- (0|^++) + {++ ^ o+} + {++^-+}, (T7) 

, . , ,M r-c++(i)i r^sm] rcj, (i|j^++)i , , , 



TP- 

(7^ 



, . , ,M r-c++(2)i r^smi r cj, (2| J-0+) 1 r i r 

(79) 

4tp = Acos((^) ^ 5^_+(3) 53mC^+,TP+ (3|-^-+) + {-+ ^ ++} + {-+ ^ 0+} , (80) 
K 

cJtp = -Asin(v9)^C_+(3)53mC^+_TP-(3|^-+) + {-+^ ++} + {-+^ 0+}, (81) 
K 

where the CFF combinations CJ^tp- '^obTP- PobTP-t- '^abTP+] defined in Eqs. fl67j) 
and (IHHD-iEQD [Eqs. (EHD and (EID-dHSD] together with Cj;- and S^f [SCli" and 5^^^ ' l, hsted 
in Appendix IB.ll [Appendix IB. 2] . 



15 



For the linear combinations of CFFs, evaluated from Eqs. (1571) and ( l58l) . we find for the 
helicity dependent CFFs the following exact expressions: 



Unpolarized target 



4M2 



F2£ + 



2-XB + 



{F, + F2)n 



^unp (•^) 



^unp i^) 



Xb 



Xb 



{F, + F^){V, + £) 



2-XB + 



Longitudinally polarized target 

Xb 



2-XB + 



02 



(Fl + F2) 



n + 



+ 



1 + 



M2 



Q22-xb + ^ 



Xb 



t 



t 



Fi-H 



Xb 



2 — + xb-^ 



'xb 




_ 2 





4M2' 



t xb(1-2xb) 
Q2 2 - Xb + ^ 



FoU 



Xb 



Xb 



2-xb + ^ 
Transversally polarized target 
1 



{F, + F,) 



n + 2xB^n + f ^' 



2 - XB + ^ 

+ XUF1 + F2 



^iF.n-F,£) 



t 



4M2 



4M2 



=xb(Fi + F2 



t 



4M2 



xt 



2 - XB + ^ 



(i^i + F2 



H + 



4M2 



x| (1-(1-2xb)^) 



2-XB + 

1 



XBt 



n + 



t 



£-H 



4M2 



£ 



^TP+i-F) 



2-XB + 

Xb 

2-XB + 



XBt 



M2 



Xb 



Fi £-£ 



4M2 



Xb 1 



i^2 

2M2 



£ 



(82) 
(83) 
(84) 

(85) 



(86) 
(87) 



(89) 
(90) 

(91) 



(92) 
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2 - IB + 




) 



2AP 



t 



8 



(93) 



This completes the full set of exact results for electroproduction cross section with exact account 
for the kinematical power corrections, where the pure BH cross section is given in Ref. [1]. As 
in the case of DVCS C-coefficients, the kinematical singularities appearing for twist-three and 
transversity CFFs (partially) cancel also in the interference term, where with the map fl5Tl) - fl5^ 
the approximated results, given in Ref. [1], are restored. Again, we performed a numerical cross 
check of our results. 

3 Parametrization of the Compton tensor 

Experimental studies of the Compton effect on the nucleon target have a long history, with 
theoretical considerations preceding them. The efforts of the past decade focused on the deep 
Euclidean kinematics giving access to partonic constituents of matter as we pointed about in 
the previous few sections. Over the years various parametrizations of the hadronic tensor were 
devised tailored to the specific needs of observables of interest. The story goes back to Prange 
[20] who provided a decomposition originally given in terms of bilinear combinations of Dirac 
spinors and often rewritten by means of two-dimensional Pauli spinors |21j . Another widely used 
Lorentz-invariant representation was introduced by Tarrach [12] and employed in recent years 
for consideration of quasi-real kinematics |1] since this decomposition is free from kinematical 
singularities, on the one hand, and with all hadronic functions of kinematical invariants admitting 
a well-defined dispersion representation that possess correct analytical properties p], on the other. 
Finally, the developments of the last decade of the formalism of the deeply virtual Compton 
scattering were mimicking structures used in the analysis of the forward deep-inelastic scattering 
and thus yet another parametrization was devised as a consequence. However, the emerging 
Lorentz structures were recovered making use of the OPE for the correlation function (j4]) of the 
quark electromagnetic currents, demonstrating that electromagnetic gauge invariance, broken in 
the leading twist approximation, can be approximately restored by accounting for twist-three 
effects. More recently this program was pushed beyond the first subleading corrections in Ref. 
[T7| [18] by incorporating dynamical effects in target mass and momentum transfer in the t- 
channel. Seeking a unified picture for observables used at high and low energies, we will rely on the 
DVCS set-up for the Compton tensor and construct interpolation between different kinematical 
limits for CFFs. We will provide a gauge-invariant decomposition of the Compton tensor starting 
from the analysis of the deeply virtual regime and then provide a set of formulas connecting 
helicity CFFs ( !T2|) with the ordinary CFFs admitting partonic interpretation. 

3.1 A toy example 

As a pedagogical example, let us first consider a point particle with spin- 1/2 as our target. In this 
case the electromagnetic current fl56|) reduces to = U2'yfiUi. The Compton matrix element can 
be then obtained from familiar lowest-order QED diagrams, i.e., the s- and u-channel hand-bag 
graphs, see Eq. fll32p below with Fi = 1 and F2 = 0. One can easily verify by means of the Dirac 
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equation that the resulting Compton scattering tensor exactly respects current conservation. 
To find a representation in which gauge the symmetry is explicitly manifested, we employ the 
following trick 



1 



2p ■ q 



the equations of motion 



^Ui = 2MUi + /^Ui , ^2 ^ = 2M'U2 — U2'!^ , 

and subsequent use of the Dirac-matrix algebra. This procedure yields a tensor containing non- 
flip "transverse" contributions only as a consequence of the leading-order approximation, 



p-q 



p-q 



p-q p-q 

Vp 



p.p. 



p-q 



(94) 



qiv 



Pv 



2gi ■ q2 ^p.p. 



^gi-gs 2p-gy ' \qi ■ q2 "^p ■ q J \ qf + qi p ■ q 

Note that the kinematical pole in the projection operators 

qiu Pu g2/i Pp 



and 



qi- q2 2p-q 



qi-q2 2p-q 

is removed by the overall factor of qi - q2 in Eq. ( I9^ . The vector and axial- vector CFFs in the 
tensor have a very simple form and read for an on-shell flnal-state photon 



i2-XB)Q^ -XBt 
-(2-XB)6'-XBt 



1 1 

+ 



l-XB 1 + ^ 



l-XB 1 + ^ 



(95) 
(96) 



Here, the CFFs have only two physical poles at s = and u = M^, showing up in our variables 
at xb = 1 and xb = —Q'^/t, respectively, and they have the proper symmetry under s ^ -u 
exchange. Moreover, these CFFS are free of kinematical singularities and are related to each 
other by a multiplicative factor 



^P.p. 



Xb 



2 - XB + f# 



•HPP', or 



u 



(97) 



We emphasize that even with the deflnitions fl95l) and fl96l) . the form of the hadronic tensor 
is not uniquely flxed, rather by means of the Dirac equation and the relation fl57|) one can 
flnd a different, however, equivalent forms of the Compton scattering tensor. On the other 
hand, if a frame of reference is picked up, the helicity amplitudes ( IT2|) are independent of any 
parametrization ambiguities. However, we remind that the relation between these helicity CFFs 
and "partonic" CFFs does heavily depend on the chosen tensor decomposition. 

Let us employ our parametrization of the helicity- dependent CFFs (1T3|) -( !T^ . used for evalu- 
ation of the differential cross sections in the preceding section, where we adopted the projection 
of the (axial-) vector CFFs with the averaged photon momentum = g^/g ■ p. These CFFs 
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can be straightforwardly computed from the original tree diagrams. Alternatively, we may stick 
to the (axial-)vector CFFs ( |95l) and ( l96l) and compute the helicity amplitudes starting from Eq. 
f l94p . This is the route that we will choose in the realistic case of composite target below. The 
result of this analysis can be summarized in the following set of helicity CFFs, 



o/p.p. 



pp.p. 

^+6 



o/p.p. 



CP-P- 

^+6 



-T/p.p. 
^0+ 



pp. p. 

^0+ 



o/p.p. 



pp.p. 



1 + hVlT^ (1 - ^b) (1 + 32) - (2 - + ^) ¥ 



!Mi±iiZ^(lzM±l^p.p 

v/rT^(2-XB + ^)' 



H 



p.p. 



7^ 



p.p. 



4M2 



i + &v/r+? / t 



1 + (1-xb)^ 



H 



p.p. 



V2xBi^(2-XB + ^-2e^) 
Qv/rT^(2-XB + ^)' 



n 



p.p. 



Qv/m^(2-a;B + ^)' 
V2^ 

4M2 v^i^ 



(98) 

(99) 

(100) 

(101) 

(102) 

(103) 

(104) 
(105) 



Several comments are in order. As observed in GPD calculations in the twist-three sector, see 
Eqs. (84)-(87) in Ref. [Ij, the CFFs in the vector and axial- vector sector mix with each other, 
while in our analysis of a point particle, we eliminated these admixtures by utilizing the relation 
( 197|) . Notice that the longitudinal and transverse spin- flip CFFs are power suppressed in the 
DVCS kinematics. The longitudinal-to-transverse helicity-fiip CFFs f ll02p and (11041) have the 
anticipated kinematical i^'-factor in front of them. The transverse-to-transverse helicity-fiip CFFs 
also do not possess any kinematical singularities but do not have the anticipated kinematical 
factor in front of them, i.e., they do also not vanish at the kinematical boundary t = t^i^. Hence, 
if one chooses to switch to the definitions such as (ITS!) . spurious kinematical l/K"^ singularities 
appear in expressions for transversity CFFs, see also the map (l5T]) - (!5^ of such CFFs. Obviously, 
such spurious kinematical singularities can be simply pulled out by a redefinition of transversity 
CFFs and then they trivially will not appear in cross section expressions. Plugging in our point- 
particle results fl98p -( TTU5]) in the expression for the higher harmonics in the Fourier expansion. 



given in Sect. 12.21 and 12. 3[ we realize that they vanish in the kinematical limit t — > tmin as 
expected. The basis of helicity dependent CFFs in which this behavior is explicit will be given 
in the next paragraph. 

We also computed the helicity dependent CFFs associated with the so-called Born term for 
the Compton scattering off the nucleon fll32p . see Eqs. flE.2p -f lK^ in the Appendix [El Again 



we observe that the unpolarized and transverse-to-transverse spin-fiip CFFs are free of kinemat- 
ical singularities, however, certain longitudinal-to-transverse CFFs are suffering now from 1/K 
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poles in the representation of Ref. [T]. The absence of such spurious singularities can be made 
transparent by switching to the electric-lik^ combinations of CFFs 



4M2 



8oh and Qoh = T-(-ob + 



4M2 



Ob ' 



(106) 



where Qoh and Qof, are proportional to the desired kinematical factor K, see expressions in Ap- 
pendix [El For transverse helicity-fiip CFFs we find that Q |_ and Q |_ are now proportional to 

t — ^min (not explicitly shown). The redefinitions f ll06p reparametrize the (axial-) vector matrix 
elements ( !T3|) . (fT4|) as follows 



ViJ'ab) 



1 



p-q 

1 

p-q 



U2\^!i Qab + 
U2 I il^Qab + 



qP^" , t 



2M 
q ■ A 



75' 



2M 



4M2 
4lr> 



4M2 



£ab j Ui 

Sab 1 Ml • 



(107) 

(108) 



It can be verified that the new nucleon helicity structures, proportional to Sab or Sab, will yield 
a kinematical factor in the hadronic C coefficients of both the squared VCS and interference 
term. Hence, this guarantees that higher harmonics vanish in the limit t — )■ tmin as they should 
and, moreover, we can reshuffle this factor that yields a redefinition 



Ob 



— )■ Sob and K S( 



Ob 



S, 



Ob ' 



This guarantees that the new longitudinal helicity-flip amplitudes have the anticipated K factor 
as an overall factor, one the one hand, and that they are free of kinematical singularities, on the 
other. The corresponding modifications in Fourier coefficients C are straightforward and do not 
require any further comments. 



3.2 Constructing Compton scattering tensor 

To devise a general parametrization as we advertised above, let us start with the Compton 
scattering process off the nucleon for the case when both photons possess large virtualities, such 
that the hard scale is set by the Euclidean virtuality = —q^ with q^ defined in Eq. ffTOj) . As 
— 7- oo, the decoherence of the short- and long-range interactions allows one to probe partonic 
content of the nucleon via collinear factorization. This approach naturally introduces a pair of 
the light-cone vectors and n*, such that n ■ n = n* ■ n* = and n ■ n* = 1, since partons 
propagate along the light cone. However, these cannot be fixed uniquely in terms of the external 
momenta of the process. Restricting to the leading terms in the 1/Q-expansion, i.e., the so-called 
twist-two approximation, the result for the Compton scattering tensor is cast to the following 
formic 



T^u = -g^un■VT-^e^,n■AT+[-^n*^-q2f.j\^-^n:-q^,jn■V^ + T^,.^^ . 

(109) 



^By analogy with the electric nucleon form factor. 

■^Notice that the T label used here does not have anything to do with the T-subscript adopted earlier to label 



the transversity CFFs in Eqs. (l5l])-(ISl]) as weU as (|118p below. 
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Here the first two terms on the r.h.s. were computed in numerous papers (in particular for DVCS 
kinematics). The third term after the equahty sign contains a purely longitudinal part and 
appears at next-to-leading order in QCD coupling [22] mimicking the violation of the Callan- 
Gross relation in deep-inelastic scattering. The forth term stems from the double photon-helicity 
flip and is perturbatively induced at one-loop by the gluon transversity GPDs [23j. The projection 
on the leading-twist structures in Eq. (1109^ is achieved by the means of the tensors 

= 9fiu — n-fj^nl — n„n*^ , = e^„_+ , r^^.^a- = 2 i^tp^va + 9^a9up ~ 9^u9po] ■ (HO) 

The vector (Vl ) axial- vector At^ CFFs describe transition amplitudes when the trans- 

verse (longitudinal) photon helicity is (nearly) conserved while is associated with the afore- 
mentioned transverse photon helicity-flip contribution. As a consequence of the leading-twist 
approximation, eight longitudinal-to-transverse and transverse-to-longitudinal photon helicity- 
fiip amplitudes are absent and, moreover, the Compton scattering tensor fll09p respects current 
conservation only to leading order in 1/Q. However, once one goes beyond the twist-two ap- 
proximation in the OPE analysis of the hadronic tensor, these missing amplitudes emerge and 
moreover, making use of QCD equation-of-motions, the electromagnetic current conservation gets 
restored up to the same accuracy. Thus the ambiguity in the construction of the Lorentz tensors 
is pushed up to the next order in the expansion. 

Since we would like to stay as close as possible to the VCS tensor decomposed in terms 
of Lorentz structures that have a simple limit in the deeply virtual regime, below we propose 
a parametrization motivated by Eq. f ll09p that can also be used for quasi-real (or real) pho- 
tons without encountering kinematical singularities. Thereby, we impose the following natural 
requirements 

• manifest current conservation and Bose symmetry; 

• a close match with conventions used in deeply virtual Compton kinematics; 

• singularity-free kinematical dependence. 

Instead of the light-cone vectors we employ the external particle vectors in the construction of 
the tensors. To make the tensors dimensionless, we use the scalar product p - q = {s ~ u)/2, pro- 
portional to the positive energy variable z/, in denominators. Equipped with the above conditions 
and building blocks, the transverse metric tensor entering the leading-twist parametrization, that 
received corrections from the twist-three effects mentioned above, gets promoted to the following 
expression 

V ^ dpiy = 9pu + — , (111) 

^ p ■ q p ■ q p ■ q p ■ q 

where the twist-four component p^Pv follows from the expansion of ^f^^. This tensor already 
appeared in our toy example ( IMl) and its gauge invariance is easily verified by making use of the 
relations 

p-qi=p-q since q'( = q" + A''/2 and q2 = q^ - /2 with p- A = 0. 

Going to the Breit frame, where the transverse momentum is entirely carried by the nucleons, 
i.e., P2 = —Pi and q^- = 0, one realizes that the gauge invariant tensor (11 11 1) projects onto 
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photons with the same transverse hehcity, having even parity in the t-channeL The counterpart 
of this contribution, having t-channel odd parity, is expressed in terms of the Levi-Civita tensor 
that generahzes the above e^^, beyond leading twist. 



1 



-)■ e 



p-q 



+ 



PiM _ Pu 



2p ■ q 



2p ■ q 



P ■ p 

2p- g. 
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Here, we added for later convenience a power suppressed p ■ p/p ■ g-term, which respects current 
conservation by itself. The coupling of longitudinal and transverse photon helicity states may be 
naturally encoded in terms of the following tensor structures 



Pt^ 9up 



Pu q{ 



and 



qiu 



-Pi 



Ptiq.2 



p-q J \ p-qj V p-q / V p-q 

which are to be contracted with vector CFFs. Here the projectors, satisfying the relations 



P^ 
p-q 



Pp 



p-q 



0, 
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2p - q 
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P Qi 
p-q 

V P 

P Qi 
p-q 



Pp 
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2p - q 



where A^ = A'' — r^p^, ensure the electromagnetic gauge invariance. Notice that in the above 
tensors the longitudinal components were chosen in the fornix. 



p^ and qiu - —Pu ■ 



p-q 



p-q 



Obviously, they do not contribute in the real photon limit. Last but not least, the current conser- 
vation in the transverse helicity-flip amplitudes can be implemented by utilizing the transverse 
projectors (11131) . yielding the substitution 



I APT" 

T 



— > 



9, 




Pu Qi 



T, 



p-q '^^'f" M2 



;ii4) 



It is important to realize that a different choice of dual light-cone vectors will result into a 
parameterization, where the kinematically suppressed effects will be incorporated in a different 
fashion, see discussions in Ref. |13] . 

By analogy with the hadronic electromagnetic current, decomposed in terms of the Dirac 
bilinears accompanied by Dirac and Pauli form factors fl56|) . we now introduce a similar represen- 
tation for the VCS in CFFs, expanded in terms of the longitudinal and transverse components. 
To generalize the first three terms in r.h.s. of Eq. (I109p to the setup incorporating the exact kine- 
matics, we replace the light-cone vector n projecting out the (axial-)vector CFFs by the average 
photon momentum g, whose leading component is indeed n but it also encodes subleading twist 
effects as well. Then we use the following expansion 
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pP 



p-q 
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2M 



■S 



p-q 



41-11 + iaafs 
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2M 
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'^In previous studies on the subject, we wrote the longitudinal pieces in terms of qi^ — qi ■ q2Pfi/p- q and 
q2u ~ qi • q2Pu/p • q, which to twist-three accuracy can be replaced by the vectors that are displayed above. 
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p-q 



A - q ~ 



+ 



K 

p-q 



q - A 



Ml 



(116) 



with the subscript i standing for i G {T,L}. The same expansion can be adopted for the 
i G {LT, TL} cases. However, for these, the component proportional to p'' will not contribute to 
the VCS and can be ignored, while the transverse part is approximatively expressible in terms 
of twist-three CFFs introduced earlier, namely. 



tw-3 T-3 T-3 

y-LT — -/ + — -r_ 



tw-3 T-3 T-3 
-''"TL = -/ + + _ • 



(117) 



To write the transversity CFFs in the same form, let us recall the following facts about the 
amplitude Tp entering the leading twist DVCS tensor fllOQp . It is parametrized by four transverse 
photon helicity-flip amplitudes |I] according to the suggestion of \l9l as follows 
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p-q 



A„- 



2M \p - q p-q 



7. + 



2Mp - q 
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;ii8) 



However, this can be represented analogously to Eqs. f lllSp and (1116^ in terms of two parity-even 
and -odd Dirac bilinears 
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that are proportional to A;]: and = ^o-Apg/p ■ respectively. 



q - Vtt:{J^t) 
p-q 



lAl 



q - ATT(-^r) 
p-q 
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where A^ is transverse with respect to both photon momenta qi and q2- The relation among the 
two sets of CFFs, introduced in Eq. flllSp and Eqs. flll9p . fll20p . respectively, is found to be 



-2 t 



4M2 



;i - v'nf^ - ^'^P - 
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4M2 
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(124) 
(125) 
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which reduce in the real photon case gf = to Eqs. (]122p - (ll25p . Notice that the convenience of 
the representation (11211) had forced us to introduce kinematical singularities into the transverse 
CFFs. These are exhibited in the VCS kinematics as poles in t — tmin. 



t + (4M2 - t) r/2 + e 



Xb + 



(X (t — t^ 



Since in the helicity amplitudes the transversity CFFs are multiplied with K'^, these poles will 
be canceled and, moreover, if we change in the expressions for the cross section back to the basis 
of Ref. |19j, we will find in the transversity sector the CFFs are appropriately accompanied by a 
factor of K"^ so that Fourier harmonics possess the expected behavior in the t — > tmm limit, see 
discussion in Sect. 12.21 

Having defined the tensor structures and the corresponding CFFs, we are now in a position 
to write down the complete Compton scattering tensor: 
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p-q p - q p - q 
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Ap A^ q ■ Att 



2M2 



p-q 



where the electromagnetic gauge invariance is implemented exactly. From our exact parameteri- 
zation of the tensor (I126P we can now find the helicity-dependent CFFs J^ab used in Sect. 12.21 and 
for the evaluation of the cross sections in the target rest frame. Comparing Eq. f lT2|) with 
projected onto the photon polarization vectors, we find 
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AM^ -t 



M2 (2 - XB + ^) 



TT 



where 6 = ±1 is the helicity of the real photon. Notice that the longitudinal helicity-flip CFFs 
(11281) are proportional to the kinematical factor K. Moreover, the transverse photon helicity-flip 
CFFs (I127p with b = —1 are mostly proportional to K"^, except for the term 
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which is proportional to tmm ~ ^- Here, the r.h.s. of this relation may also be written as K"^ jit — 
tmax), see Eq. ([H]). Let us also point out that no singularities arise in the limit s — > or 
u — for the transverse helicity CFFs (11271) . even not in the simultaneous limit where (2 — 
xb + x-Qt/ Q^) oc [s — u) vanishes too. For the longitudinal helicity-flip CFFs (11281) . we encounter 
in above simultaneous limit a l/{s — u) singularity. This artifact may appear as an obstacle 
only in the low-energy expansion and can be overcome in a straightforward manner, either by 
removing this singularity by a simple reparameterization of the VCS tensor (11261) or be regarded 
as a constraint for the low energy behavior of its CFFs. 

For completeness we also quote in Appendix [C] the form of the helicity transitions for the 
hadronic tensor parametrization introduced by Tarrach [12]. The latter does not suffer from 
kinematical singularities as well and it will be used in the next section in the low-energy expansion. 
Thereby, we find that with the CFF basis (I106p - (I1U8I) the map is singularity-free for any values 
of kinematical variables, i.e., as for Born amplitudes the "electric" longitudinal helicity-flip CFFs 
are proportional to the kinematical factor as one can read off from explicit formulae flC.14p - 



(1C.25|) . while the 1/K- behavior of the remaining functions can be absorbed by their rescaling, 
as suggested in the preceding section. An analogous structure holds for the map of the transverse 
helicity- flip amplitudes [not explicitly shown in Eqs. (lC.26p - (lC.37p ]. where again the "electric" 
combination of CFFs is always anticipated with a factor t — tmin- 



4 Generalized polarizabilities and low energy expansion 

Having discussed at length the deeply virtual regime that gives access to GPDs and provides a 
set of observables that exactly account for kinematically suppressed effects, let us turn to the 
opposite limit when the incoming photon becomes quasi-real or even real. In fact the formalism 
presented in the previous sections can also be utilized in these cases as well. In doing so, we set 
x-Q = Q'^/{s + — M^) as we take the limit — )■ where s = {pi + gi)^ is the center-of-mass 
energy in the real Compton scattering process. Obviously, the Bjorken and the e variables vanish 
as tends to zero, while the iiT-factor takes the following value 

lim K = J-t(l + — — 

s^^o y V {s-M^fJ 

To start with, it is easy to verify that for a point-like particle the longitudinal spin-flip CFFs 
"Hoi, So±, "Hoi and the combination £q± = {A ■ q/p ■ q) £o± entering the C-coefficients all vanish 
as — > 0. The real-photon limit also exists for the remaining eight transverse-helicity CFFs, 
where again S^± are the relevant quantities. No further peculiarities arise in the squared DVCS 
amplitudes presented in Sect. 12. 2[ and thus they can be used in a straightforward fashion to 
recover the Klein-Nishina formula and its extension to a polarized point-like target from the 
hehcity-dependent CFFs (|g5])-(fTO. 

(Pa _ /u/y 
dcos{9jj)d(p 2 \uj J 
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+ A A cos(6'^^) cos(6') - A A 1 sin(6'^^) sin(6') cos((p) 

\UJ' UJ J \ UJ J 

Here R = acm/M is the classical radius of the point particle and u is the energy of the initial-state 
photon, 

u 

UJ 



!+-[!_ cos(^,,)] 

is the energy of the outgoing photon, while 6.yy is the photon scattering angle in the laboratory 
frame. This provides a further consistency cross-check on our analytical results. 

Since we have devised a parametrization of the Compton tensor in the previous section that 
can be used for any kinematical settings, we can relate our CFFs to Polarizabilities and their 
generalizations used in the description of the deformation response of the nucleon to the external 
long-wave electromagnetic probe. To define the Generalized Polarizabilities, let us recall that 
according to the Low's theorem [21], in the low-energy expansion of the Compton amplitude in 
the energy of the outgoing photon ^2 = '^'j the pole {uj')~^ and the constant (a;')^ terms are 
entirely determined by the elastic form factors of the nucleon Fi and F2. However, the linear in 
cj'-term in the expansion has yet another component that cannot be solely expressed in terms of 
the form factors and is encoded through Generalized Polarizabilities. These are functions of the 
incoming photon three-momentum. Depending on the polarization of the incoming and outgoing 
photons and their multipolarity, one can introduce ten different functions. To do it in a consistent 
fashion without the contamination from the form factor contributions, one conventionally splits 
the total Compton amplitude into the Born term and the rest, 

rpfjLU _ rp^lV , rpflU ( ^ "iT \ 

~ -^Born "T -'non-Born ' \^'^^) 

where the first contribution T^^^^ stems from the nucleon exchange between the electromagnetic 
vertices, 

^Bom = -4vr«em ^2 r^(-g2) (^2 + )^2 " M)'^ {Qi) + (cross term) , (132) 

with the F's defined in Eq. fl56|) . As we pointed out above, its low-energy expansion starts with 
the inverse power of the photon energy, while the leading term in T^on-Bom 0{uj'). In complete 
analogy with static multipoles that yield electric and magnetic dipoles for the linear coordinate 
moments of charge densities, in order to generate a linear in uj' effect, the outgoing photon should 
be either electric or magnetic. Thus the polarizabilities are labelled by the type pi(p2) of the 
incoming (outgoing) photon, with p G {0, 1, 2} corresponding to scalar, magnetic and electric 
multipoles, respectively, the initial (final) orbital momentum Li{L2) and spin-flip nature of the 
transitions with S G {0, 1} standing for nonflip and flip, accordingly, pip2L2,piLi)s _ rjj^g final state 
electric multipoles can be traded in terms of other charge multipoles via the Siegert's theorem 
[25], while the initial state electric sector reduces to the charge ones only up to an additional 
contribution from the so-called mixed Generalized Polarizabilities p(P2^2,ii)5 ^ 

We use the center-of-mass frame as spelled out in the Appendix [D] for relating our helicity 
CFFs to Generalized Polarizabilities. The low-energy expansion is performed with respect to the 
energy of the outgoing photon u', with polarizabilities being functions of the momentum of the 
incoming virtual quantum q. Two of the generalized polarizabilities are g^-generalization of the 
electric a and magnetic /3 polarizabilities measured in real Compton scattering. 



p(ol,ol)0(^-2^J ^ /2 'a(g^) ^ p(ii, 11)0(^-2 

V 3 




(133) 
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with factored out dependence on the fine structure constant aem- As an intermediate step, we 
constructed the low-energy expansion for CFFs in terms of twelve Tarrach's structure functions 
/j. The results are presented in the Appendix ID.ll However, imposing the implications of the 
charge conjugation symmetry and nucleon crossing, some of the /'s vanish at low energy, i.e, /s, 
/4, /s and /lo are of order 0{u') and thus vanish at leading order This yields a set of relations 
for the ten generalized polarizabilities resulting in just six independent ones. We verified along 
the way the low-energy expansion for the A amplitudes defined by Guichon et al. in terms of the 
Tarrach's structure functions fi calculated in Ref. 

The helicity CFFs then read in terms of Generalized Polarizabilities, where we neglect the 
Born contribution and suppress all higher order terms in u': 



[1,1) helicity CFFs 
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(0,1) hehcity CFFs 



n 



01 



2\f2>{q-uJo cos^)p(i^'°°)^ + g 



3^^p(01,01)l_g^p(01,01)l^Qg^ 



2y2gsine ^ Ei + M 
+ V6q{q — uJo cos ^)p{ii,02)i _^3^^p{oi,oi)i^Qg2^ + 2%/6MP(°i'°i)°(l -cos2e) 



(138) 



Ei 



01 



u'My/-MuJo 
V2uJoqsme ^ Ei + M 



(2M - u,) (6P(°i'°^)^ + v^u;oP^'''°'^') - SVSP 



(11,00)1 



cos^ 



+ q 



2y3p(ii,oo)i ^ [y6p{oi,oi)o ^ 3p{oi,oi)i ^ ^^^^ _ 2M)P^^^^^^^^] 



+ a;o[3P(°i'°i^i - y6P(°i'°i)°] cos 20 



(139) 



27 



n 



01 



u'Miq-UoCose) L p(oi,oi)i _ ^i2P(nmi + V2q^p(W) ^^sO)] 



01 



sin 9 

(-1,1) helicity CFFs 
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where we introduced the convention for the initial-state energy under the condition of the van- 
ishing final-state one [1], 



uo = uj\^'=o = M-E, = M- v/M2 + g2 
where Ei is the incoming nucleon's energy. 



(146) 



5 Conclusions 

In this paper we developed a unified framework for virtual Compton scattering that uses helicity 
Compton form factors for the analysis of different regimes of the processes, interpolating between 
deeply virtual and quasi-real. The main ingredients of our consideration include: a clear sepa- 
ration between the leptonic and hadronic components via computation of helicity amplitudes in 
the target rest frame and an exact reconstruction of the kinematical tensor decomposition for the 
hadronic Compton amplitude. The target rest frame is special since the entire dependence on 
the azimuthal angle of the photon-nucleon scattering plane is encoded in the leptonic part of the 
cross section that was calculated exactly, overcoming the limitation of the scheme from Ref. [T] 
adopted previously for the analysis of electroproduction. Since partial results for the hadronic 
helicity amplitudes with unpolarized and longitudinally polarized targets were available before. 



28 



we complemented them with the ones for the transversally polarized nucleon as well. We also 
incorporated the double photon helicity-fiip amplitudes, induced by the gluon transversity GPDs, 
into the analysis. To relate the helicity CFFs with the conventional ones emerging in the OPE 
analysis of the Compton amplitude, we introduced an exact Lorentz decomposition for the latter 
that is free from kinematical singularities and computed the relations exactly. 

The formalism presented here will be implemented in existing CFF/GPD fitting codes for the 
deeply virtual kinematics [261 EZ] • This is required for an unbiased random variable map of an 
(almost) complete DVCS measurement by the HERMES collaboration [281 |29l |30l [31] , providing 
34 asymmetries in 12 kinematical bins, into the space of CFFs. Another advantage of such a tool 
is that one can easily switch between various "parton-to-hadron" conventions, which will allow 
one for a precise numerical cross check with other existing software packages, which are adopted 
for GPD model predictions [32l [33]. In addition, the kinematical power-suppressed corrections 
from Ref. [171 HH] can be conveniently taken into account relying on our formalism, thereby, 
avoiding a recalculation of the leptoproduction cross section. 

The second part of the paper is dedicated to the consideration of the low-energy limit of 
Compton scattering and relation of the CFFs to the Generalized Polarizabilities in the center-of- 
mass frame. Along the way, we re-expressed our helicity form factors in terms of the structure 
functions of the VCS amplitude introduced by Tarrach, as well as defined their low-energy ex- 
pansion. Our formulae set allows one to provide in a rather straightforward manner the low 
energy expansion of the cross section for all possible polarization options in terms of Generalized 
Polarizabilities in an analytic form. This may, as in the DVCS case, provide a useful guideline 
for further experimental measurements. Our analysis suggests a complementary approach to 
low-energy limit: instead of relying on a low energy expansion in order to extract Generalized 
Polarizabilities, where a subtraction procedure (yielding its own ambiguities) is needed to extract 
genuine information about nucleon deformation, one may adopt the known scheme used in DVCS 
kinematics and seek a complete measurement of CFFs at low final state photon energies. 

In summary, our work, in addition to providing new results for exact kinematical treatment 
of real photon leptoproduction, can be viewed as a formalism that uses the same set of hadronic 
variables, i.e., CFFs, at large and low virtuality of the initial state photon and provides a concise 
dictionary for translating the former to Generalized Polarizabilities at low energies. This could 
provide a unified framework for experimental studies of CFFs in the entire range of virtualities. 

We are grateful to B. Pasquini for useful correspondence and to B.L.G. Bakker, H. Spiesberger, 
and M. Stratmann for discussions. D.M. would like to thank the Cosmology Initiative at ASU 
for the hospitality at different stages of this work. The work of A.B. and Y.J. was supported 
by the U.S. National Science Foundation under the grant PHY-1068286 and of D.M. by the 
Joint Research Activity Study of Strongly Interacting Matter (HadronPhysics3, Grant Agreement 
No. 283286) under the Seventh Framework Program of the European Community. 

A Kinematical decomposition in target rest frame 

Let us first quote particles' momenta involved in scattering in the rest frame of the target. The 
components of the corresponding four-vectors read 

1)1 = (M, 0, 0, 0) , gi = - (l,0,0,-Vl + e2) , A; = - (1, sin^^, 0, cos^O , (A-l) 

e V J ye 
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with the lepton scattering angle being 



cos 6i 



1 I ai. 



sin 0] 



.2^2 



(A.2) 



The outgoing momenta are parameterized in terms of the scattering angles in the hadronic plane, 
see Fig. [H 
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where the polar angles read in terms of the kinematical variables of the phase space 
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The azimuthal angle of the photon ip^ is related to the one of the outoing hadron (p via cp^ = (p+n. 

The photon polarization vectors (jH]), dZ]) can be kinematically decomposed in term of those 
involved in the virtual Compton scattering process as follows: 
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where K is defined in Eq. ([8]). Analogously one finds for the nucleon polarization vector (130!) 
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The photon polarization vectors (]A.6p - (lA.8P remain well defined in the whole physical region 
including the phase-space boundary t = t^^^ where K vanishes. 

We add the following useful relation that was used multiple times in simplification of analytical 
results 
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B Fourier harmonics of the leptonic tensor 



Let us present explicit expressions for the Fourier coefficients entering the leptonic part of the 
interference term (1551) . see Sect. 12. 3[ As in Ref. jT], we use the following shorthand notation 



K 

K=\ll-y~-y^ — 



where t' is 

t' = t-t 



mm ■ 



B.l Unpolarized and transversally polarized TP— target 

The angular coefficients for unpolarized target and the transversally polarized TP— part are 
given by the expressions 

CM , , , for n G {0, 1, 2, 3} , 

Sa,in), Sr», S^, for nG {1,2}. 

Note that these coefficients are identical with C^^^'"'(n) and S^^^"'" (n) / \ of Ref. [TTj and that 
the third odd harmonics, i.e.. 

Satin = 3) = S^,in = 3) = Sf,in = 3) = , 
and the following third even harmonics in longitudinal helicity flip CFFs 

Cobin = 3) = C^,in = 3) = C^,in = 3) = 
vanish and will be not listed. 

• Conserved photon-helicity coefficients: 



r r.-m- 4(2-y) {i + ViT^) k ^2 - yy 



/ 2xb (2 - xb + ^ 
1^^^ (2-xb)(1 



+ 7^ {^-y - -rV (2 - 2;b 



2^ 



2H J \ (2 - xb)(i + VTT^ 



S{2-y) xBtf i2-yyK' f 



cUn = 0) = ^;^,-^V-^^^+{l-y-^-y^^'^^' 



t\ f^VTT^-l + 2xB t 



. 8(2-,/) t l {2-y)^KH + VTT^-2xB ( 



2K^ 
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-16X 



2 



1 + VTT? - £2 Q2 ' 



= 1) = 7T^^^^ (2 - ( 1 - (1 - 2xb)^ 



(1 + £2)5/2 Q2 V ^ V «/g 



e2 2\ 1 + VlT? - 2a;B t' 



4 V 2 Q2 

C, , (n = 1) = — — — — <^ 1 _ y _ ^ 1 - (1 - 2xb)7^ + 



' (l + e2)2Q2|;^ y 4^^^ V ^JQ2' 4^1^ Q2 

(2 - y)2 I 1 _ ^ + 1 + VI + - 2a:B A _ ± \ ^ 4:Xb{1 - xb) + t' 



C++(n = 2) = 



8(2 -y){l-y- ^y^) J 



^2 



(1 + 6^)2 1 ^rT7^(i + v^TT^) Q2 



, XBtt' yiT^-i , e2 
+ 1 - a^B 7. h 



QM 2 2xi 



^ - ^) - ^ - f XBt I 47^2 l + vT+?-2xB / Mill 

^" (l + e2)2 Q2|^3;^g2+ 2 V^QVQ'J' 



(1 + 62)2 Q2<^ Vr + ^Q2 V ^^^+XbJ Q2 



C,> = 3) = -8x(^l-y--,^j^^^-^|(l-XB)^ + 2 (l+Q^ 

S/r f 1 - y - ^l/2'\ 
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i6i^ {^-y-Ty')tt' 



Ci^n = 3) = ^2)5/2^ |^b(1 - ^b) + ^ j , 

. 8X(2 - y)y t ( 1 + ^/1^-2x6 1 



4 1-?/- ^ 

S^^in = 2) = - ^2)3/2^ (l + - 2^b) 

i + ^i2qri_2xB ~2yrT^Q2p 

4(l-l/-f^/')^XBt 



X 



^++(n-2)- (1 + ^2)2 Q2 

i ^/^X72 _ 1 _U 1 _U a/1 -U ^2 _ 9^„^ _! 



X (^1 - (1 - 2x3)-^^ I VTT? - 1 + (l + VlT^ - 2xb) ^ ) , 



\+{n -2)- ^2^2 ^,1^1 2 + 4 ; 

• Longitudinal-transverse coefficients: 

12v^X(2 - r 2 - 6xb - eM 



= 0) = ^^r^^jv^ + — ^ ^ ' (^-2) 



24V2X(2-,)^l-,-f,2 ^^ n 9 



^oAn = 0) = \. : :,5/2 ' ^ - (1 - 2^b)^ ^ , 



. . 4=V2K{2-y)Jl-y-'^y^ t , f t 2 - 12xb(1 - xb) - e' 



(1 + e2)'/' ' 'I 8 - 6xB + 5e2 
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e 



2 



+ ( 1 - (1 - 2xb)-^ 1 il-y- jy'j (4 - 2xB + 3e^ + ;^(4xb(1 - xb) + e') 



8V2Ki2-y)\/l-y-^y^ ,2^ ( 1 + ^ 



Co4n = 2) = — ^^7^ 1 + 17 1 



(1 + e^f' V 2 ; 1 1 + f Q 



€2 r)2 f ' 



8V2K{2-y)Jl-y-^-^y\^t f , ,t 



C^4n = 2) = ^-^^ ^ (^1 - (1 - 2XBJ- 



^. 8V2K{2-y)^l-y-^y^ t ( t' 4xb(1 - Xb) + 



{1 + eY 2M 2Q2 ^/Tip- 



8V2(2-|/)|/^l-y-fl/2^2 

4v^y(2-y)^l-y-f2/2,,j^^ J ^.^^x / ^ 



>5o+(n = 1) = 



^o> = l) = ^^4^2 7% 4(1-xb)-^ 1 + -^ +eMl+^, 



2 



^ 8^2^/(2 -y){l- 2xb)^1 - y - 'jy' tk' 

- 1) - ^YT^ip ' 



8V2Ky^l-y-fy 



2 . ^2 



V(^ = 2) = _|1_(1_2xb)^[> , 



2V2KyJl-y-^y^ + f ot 
5o^+(n = 2) = ^——^ — (^4 - 4a:B + 2^ + ^(4xb(1 - xb) + 
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• Transverse-transverse helicity-flip coefficients: 



4(2-1/) f2i?2 / ^ , 2 



X 1 - V? 



(l + e2)2Q 

+ g,^^ (4 - 2xb(2 - yf -Ay + y-- y\l + e^') } , 



= 1) = — — -^<^ (2 - y) —- ==- 1-7^ 



(l + e2)3/2'iv 1 + ^2 I 2(2-^/^T^) V 2V 2' 



CU^n = 1) 



(1 + £2)5/2 Q2 I \^ ^ 



t 


(- 


3xb 
2 


■2X3) 







*^ 2 



+ 1 1 - y - ji/ 



) (^3-ym^-(3(i-2xB)+v^rT^)^)|, 



^2 



= 1) = (T^^^ (^2 - 2» + / + -y 



X 



(^5 - Axb + - Vl + e2 - (^1 _ ^2 _ ^1 + ^2 _ 20:3(4 - Axb - x/TT^)) 



+ {l-y--y' 



X 



(^8 + - Gxb + 2x3^1 + e2 - -A - + 2\/l + e2 - 4x3(3 - 3xb + VlT 



C-4n = 2) = 4(2 - y) I 1 - y - \^ ^ [ (2 - 3-b)^ 
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2(1 -xb) \xBt'^ Vl + e^ + XB + (I-xb)-^ t 



2 



+ (^(1 - 2xb) (l - 2xB - Vl + e^) A _ 2 + 4xB + 2xb Vl + e^^ | , 

16(2 - (i - 1/ - ^ r;^2i_2^3 



, (n = 2) = 



(1 + e2)3/2 Q2 Q2 1 + ^2 
1 — a^B /„ 2 2 o a; o\ ^' 2a;| — — 3a;B — xb\/1 + 



(^20;^ - - 3xb - xb Vl + e^j - 



4xB(l-XB)+e2 V ^ - ■ y Q2 4^]^^- 



,2 



C_+(n = 3) = -8X l-y--|/^^— — ^ 1 + 



Cr+(n = 3) = 



e2 



(1 + ^2)5/2 Q2 + + e l+,/rT7 

t' 4a;B(l - xb) + 



Xb + 



5'_+(n 



^-> = l) = ^Y^^gl|3 + 2e 

+ Vl + e2 - 2xB - 2xbV1 + e2 - -^(1 - 2xb) (l - 2xb - VTT^) | , 
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t 1 - 2a;B - VTTT^ 



x(l + ^)(l-(l-2.e)i,){l-g, 

2?/fl-y-^t/2\ 

^-+(^ = 2) = Y^^,^, (^4 - 2xB + 3e^ + (4xb(1 - xb) + e^) J 

X (^l + v/rT^--A(^l_2a:B-yrT^)^ . 

B.2 Longitudinally and transversally polarized TP+ target 

The angular coefficients for fongitudinally and transversally polarized TP+ parts are determined 
by the expressions 

SCatin) , dClin) , 6C^,in) , for n G {0, 1,2}, 
5Sabin) , 6S^i,{n) , 6S^f,{n) , for n e {1,2,3} . 

Note again, as in the previous section, these coefficients are identical with Cl^^'"' (n)/ XA and 
SabH/^ of Ref. HU and that the third even harmonics, i.e., 

6Ca,{n = 3) = 6C:,{n = 3) = 6C^,{n = 3) = 0, 
and the following third odd harmonics in longitudinal helicity ffip CFFs 

6Sob{n = 3) = 6SUn = 3) = 6S^,{n = 3) = 
vanish and thus will not be presented below. 

• Conserved photon-helicity coefficients: 
^C..(n^O).- ^^g;g7^) {(2-,)^§ ,B.4, 



^2 



2(2 - yf^ +[l-y- jz/^) (1 + VTT^) 



6C^4n = 0) 
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X 1- (1-2x5)7^ 1 + 



t \ ( Vl + e2 - 1 + 2xb t 



^C++(n = 1) = - 7'^^" ^,r; (1 + VI + 6^ - 6^)<{ 1 - I 1 - 2a;B: ^ + '^^^^ ^ 



1 + VrT?-e2 / ' 



= 2) = ^^-^ I - - j 2 

X |l - Vl + e2 - (^1 + VTT? - 2xb) , 

^ (l + e2)^/^ ^ ^ 4-2xB + 3e2 

|\/l + e2- + Vl + e2 - 2a;B) ^| , 

1 - Vl + e2 + Vl + e2 - 2xb) 



X 



~)2 



4x(2-2|/ + |/2+|^2\ r 



+ 



(1 + e^y ' ' ( 1 + VTT^ 

8x (i - y - ^ r / — ,2 ^ — ,\\t\ 



= 1) = 



32i^ (l - y - ^y^) / 

(l + e2)^ \^ 4 



(1 - 2X6) (1 + ^TT? - 2X6) t' 
2(1 + e2) 



+ ^ .T^^ 11 ^B + — ^ 
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X 



l-\/rT?-^-2xB(3(l-a:B)-\/rT?) t 



8K {2-^2y + y^+^^ 



= 2) 



4(2 - (l - ^ - 1^2^ 



(1 + e^f 



X 



^^^.(- - 2) = ^^{^ - (l + 2.b) (l - '—^) ^ j, 

AK(l-y- 1 ^ _ 2^j^ e^^/ 



5S++{n = 3) = 



(1 + e2)^ 1 + v^TT? ' 



= 3) = ^^^^^,^3 ^ (4(1 - ^b)xb + e^) ^, 



= 3) 

• Photon helicity-flip amplitudes by one unit: 



SCo^n = 0) = ^^-Ip , (B.5) 



SC^^in = 0) = jy—^^ ( XB - ^(1 - 2xb) ) , 



8V2K y^l -y-'jy' t ( _ ^ 
c^6o+(n-0)- ^^^^^^^ Q2^1+g2 
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5Co+(n = 1) = 



= 1) 



8x/2|/(2-y)^l-|/-^y2^;^2 
(l + e2)2 "q^ 

5Co^+(n = l) = 0, 



5Co+(n = 2) = (^^^2)2 1^^ + J ' 



()Oo+(n - 2j - (1 + ^2)2 Q2 ' 



v/2./l - y - 4 y 



2 



A' 



■2 



55o+(n = 1) = ir—y^. { 7^(2 - y) 



\2 



(1 + e2)5/2 1^ g 



t \ f . e2 ,\ / . „ „ ^ t 



^ / 2 \ 3/2 



550+(^ = 2) = (1 + ,2)5/2 V^^) ' 

8v/2ir(2-,)(l-.B)v/l-y- fy- t 

8V2X(2-y)Vl-y-fy2 ^^^ 



40 



(B.6) 



• Photon helicity-flip amplitudes by two units: 

X (^Vl + e2 - 1 + (^1 _ 2xb + Vl+ e2)^ + 2(2 - yf(Vl + e2 - 1 + 2xb) ^ > , 



2 .2 



*Cf4n = 0) = |2(2 - yy (^(1 - ..)^ ^1 + + ^1 + _J 

(i-(i-2xb)^) (i-yrTF--^(i + yrTF-2iB)) |, 

^C_,(„ - 1) = "(f f 'yf^' |l - - - ^ (' - - - 2XB (2 - I , 



t 



(^1 - - VTT^ - 2xb(4 - 4xb - ^TT^)) | , 



5C_4n = 1) = (i + g2)5/2 -Qi (^1 - (1 - 2^b)^ ) , 

5C_+(n = 2) = 



2^ ((l-XB)e' + XB (l + Vl + e^)) +^(2xB + e') (l - 2xb - Vl + e^) |, 



2y (l~y - ^yA . / . 
5Cr+(n = 2) = \^ , ,,,,, ^ -^ 4 - 2xB + 36^ + -^(4xb(1 - x^) + e') 



(1 + £2)5/2 Q2y ^ ' ' g2' 
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t 



(5Cf+(n = 2) = 

(^i-(i-2xb)^) |i + ^rT^--^(i-v/rT^-2xB)} , 

55_+(n = 1) = -^^^^|(2 - (^1 + 2e^ - ^TT^ + (^i _ 2a;B - ^1+1^)) 

- [\-y-ty^ (^2 + e2-2x/TT^+^(e2-4x/rT^+2a:B(l + \/lT^))) |, 



X (^3 + 2e' + a/TT? - 2xb(1 + v^TT^) - -^(1 - 2a;B)(l - 2a;B - yiT^)^ 
^{l-y- ji/'^ (^8 + - 2xb(3 - v^TT^) 

- (2 - + 2v^rT? - 12xb(1 - xb) - 4xBV^rT^) j | , 



+ 6^ 



4(2 - (1 - y - ^y^W ^ ^ 

= jYT^^ [-Q^ r " ^""^^^ + + "^^^^ " ' + v^TT^)) 

+ - xb 



4(2 - y) (1 - y - ^y^) ^ 
(1 + e2)V2 g2 



(55r+(n = 2) = \ ,,,,,, — '-^{ (2 - xb){i + x/rn^) 



, 4ir^(l - 2a;B) t 



+ 02 (^' + ^B(3-2xB + VrTi2)) i 
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4ir f 1 - y - '^yA ( . , 

= 3) = ^^^^^,^3 ^-l 2 + + 2v/rT^ + ^ + ^^^^^^^ + 

6S- (. 3) ^^(^-^-^^^) t t MxB(l-.B) + e- 

c)^_4n-3)- (1 + ,2)5/2 g2l4 4XB+g, ^^—^ 



(1 + e2)3 Q2\ 



t 



5S^4n = 3) = \- ^-^ ^-^ <^ 1 + VTT^ _ 1 _ 2xB - vTT 



C Helicity amplitudes from Tarrach tensor 

Let us establish a relation of the Compton tensor parametrization introduced in Eq. f ll26p in 
terms of CFFs and the one by Tarrach [12] (also quoted in ^) that is used as a starting point 
for the low-energy expansion relevant for Generalized Polarizabilities. The Tarrach's tensor is 
written as a linear superposition of independent tensor structures p^^, accompanied by / functions 
encoding the structural information about the nucleon, 

12 

e,{a)T,^e':{b) = ^ /, u^R^Sui with = e ,{a) p^,'^ e': (b) . (C.l) 

k=l 

Now we compute the helicity amplitudes for all polarization states of the photons and express 
the result in terms of the Dirac structures used in the parametrization of helicity CFFs in Eqs. 
(fT3|) and (IT^ multiplied by the functions of the kinematical invariants. Comparing Eqs. ([5]) and 
(fT2l) - (|T4l) with what we will find below, one can establish relation formulas of CFFs and /'s. In 
the following we present an overcomplete set of 3 x 12 relations from which an interesting reader 
can express helicity dependent CFFs in terms of /'s or reverse. 

• (1,1) helicity amplitude: 
^(1) ^ UQ^ - ^ct.axb) ((1 - 2xB)t -Q'-{t+ Q') VTT^) 



txB + (2 - xb)Q^ t^il - 2xb) + 2t{2 - xb)Q? - 



^^l 4 (teB + (2 - xb) Q2) v/IT^ 



{2txB + t(l - XB)e' + (1 - xb) Q? (2 + e^)) 
2x|(teB + (2-XB)Q2)v/rT^ ^ 



^(3) _ {4Q^-i<y,AXB)Q^ \ (2 - XB + e^) + t ((3 - 23:B)a^B + e^) ^ 

2XB I (tXB + {2-XB)Q')VTT^ J 
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(C.4) 



.4) , t{l-XB) , . {l-XB)Qe , s (teB + (2-a;B)Q^) (l + y^T + i^) 

(teB + (2 - xb)Q^) (1 - 2xB - v^TTi^) 



o(5) . ■ 2e , V 5^^B + Q'(1 + Vl + e^) 

^(6) ^ _ . Q(t^(2-3xB) + (2-XB)Q^)6 

2(teB + (2-XB)Q2)v/rT^ 

2 (2 - a^B) (2(1 - xb) + e') + tx^ (4 - 2(3 - x^)x^ + e') 
'""'^ Xb (teB + (2 - xb) Q2) v/r + i^ 

M(1-xb) (t + Q') 



^7^{M(t-Q^)+ ^ 

[ (teB + (2 - xb)Q^)' + (t + 3Q^) M^(l - xb) (t + Q^) 



_ (faB + (2 - xb)Q') (toB(l - 2xb) + (2 - 3xb)Q') 

4x?.v^rTe2 



(C.7) 



uvTT? ' 4yrT? 4tvrT? j 4 tvr+ 



^(8) _ , XBQ(t+6^f6 ,^ (l-XB)QntXB + Q^) , 5 6(^+g^)^ 

%(teB + (2-a;B)Q2)Vr+i^ «^(te3 + (2-XB)Q2)^/rTi^ 4v/r+^ 

oxb I, Vl + e J 

>{9) _^^,^'a;B + 4t(l-a;B)Q2-a;BQ^ ^2 f (1 - a:B) (t^^B + Q') , 



4(teB + (2-XB)Q2)v/r + ^ l(teB + (2-a;B)Q2)^/rTe2 2a;B\/r+e2 

,f M(t-Q^) M(l-a;B)(t + Q^ 

I 2 2v/rT^ 



5^2 / (1 - a^B) (4(1 - xb) (txB + Q^) + (t + 6^) e^) (4(1 - xb) (teB + Q^) + (t + 3Q^) e 
^ I %xl^/lT^ ^ 8x1 

(C.IO) 

„(io) xjiQ{t+Q')e [ t(l-2.TB).TB + (2-3xB)Q^ 1 1^ ^ 5 2^ 



(tTB + (2-XB)Q2)v/rT^ " I (teB + (2-XB)Q2)^rT^ J ^ ^TT^ 

7^/ (2-xb)Q^ t(l - 2a;B)xB + QH2 - 3x^ + 6^) \ 
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„(ii) , teB . & ^ J + (1 + VTT?) 
=^ - '"'^7TTW+ * ^ TTT? 

+ /ge ' - - - + (C.12) 

p(i2) . a;BQ(t+Q2)'e . (i _ a;B)Q2 (^b + Q2) ^ ^ ^Q^t+Q^)e 



4(teB + (2-a;B)Q2)^m^ ' (^b + (2 - ,tb)Q2) 71 + ^ 4VrT 

• (0,1) helicity amplitude: 

^(1) _ V2(^Qe-iagAa^B)^6 
°+ (teB + (2-XB)Q2) Vr + ^ ^ ■ ^ 

^(2) ^ (^Qe - iagAXB)KQ {txl - ((2 - a;B)xB + 2e^)) 

^(3) ^ ^(8^Q6-ia,AXB)^(l-XB)Q^ ^ 
°+ XB(teB+(2-XB)Q2)v/r + ^ ^ ■ ^ 



+ 



V2KxbQVTT^ 
,V2K{txB + {2-XB)Q^) 



xbQVT+I 



2 



+ {fi^H + ^'MQ') ' ^^"^^ + ~ "^^^^'^ ^^^^ ~ "^^^"^^ + + (4 - 2xB + 36^)) 



AV2MKxIQ^VT+^ 



(C.17) 



-^0+ = (gf ^2;b - ifJqAQe^ 



+ ,^MQ^) Q'i^-^^ + ^\+HiS-2xB)xB + e^) 

4:V2KQy/T+^ 



p(6) __ , ^KQP- ((2 - xb)Q^ + t (xb(5 - 2xb) + 2e^)) 

-"-0+ ~ n 



(teB + (2-XB)Q2)ev^rT? 

-za Qc] [ ^^^^ ~ ^^^^ ~ "^^^ ^^"^^ + + + 
I Xe(^XB + (2-XB)Q2)^/^+^ 

2(l-:rB)(^.rB + Q-) + (^+Q-) 



+ 



^/2^XBeVl + e2 

_ , 5 ^-K + - .rB + r^) + f ((3 - :r^^.r^ + r^)) 

^ XBQ^e^/YV? 
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^ (t^XB + t(l + 2xb) + (3 - xb) Q^) 6^ 



(C.19) 



- + 7^MQ^) QM2-a:B + .^)+t((3-2a;B):.B + 6^) 



(C.20) 



■ (8) 
0+ 



A'.rBQ-(Kl-2.rB)-Q-) 
" ^ V2 {txB + (2 - xb) Q2) e^/TT^ 

... . ^^ (l-■'^B)(f.rB + Q-)(f(l-2.rB)-g^) , ^ , K{f.rn + Q' 
-{4txB- tagAQe) ^r^^ ; ——^=^^+ i 7 



^Ke {txB + (2 - xb) Q") v^TT? \/2eVl + 

+ + <^ - + +i' + '''}^+ P - (C.21) 

8V2MKxbQVT+^ 

^(9) ^ . ^^p2 ^^b(1 - 2xb) - {xB - 2 (1 + e^)) 
°+ V2(teB + (2-XB)Q2)ev/rT^ 

I 2V2i^a;BeyrT? 

(teB +^6^) (2t(l - xb)xb + (t + 6^) e^^ 
\/2^e {txB + (2 - a;B)Q2) x/TT? 
(2^2 - XB + e') + t ((3 - 2a;B)a;B + e^)) 



+ «/7' 



(10) 
■0+ 



+ 7^^ + 7W) ^^^-^'-^/^^'-~+^^^tl!1^^^^7 Q- (2 - XB + 

8V2MX4Q^/^T? I 

+ i (xb(3-2xb) + 6^) I (C.22) 

2y2^XB (tXB + Q^) 



{txB + {2-XB)Q^)eVm 



2 



+ (^«XB-i<.,.Q.)^ . 272(1 -.B)(..e + ay ^ (« + S^). 



+ 7' 



Q^e (teB + (2 - xb) Q2) VTT? V2XQ2yrTp^ 

5 2y2^(teB + Q') 

4(1 - xb) {txB + Q^f + {t^XB + t(l + 2,tb)Q2 + (3 - xb)Q^) 



+ (^7^t + 7^MQ^) 



2^/2MKxBQ^^/l + ^ 

(C.23) 
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V2MKQ'VT+~^ 2V2MKQ''VT+~^ 



^(12) _ _ . i^Q^ (t(l - 2xb)xb + 6^2 - .^B + 2e^)) 



V2 (txB + (2 - xb) Q2) ev^TT^ 
. _ .(l-a;B)(teB + Q')(t(l-2xB)a;B + Q'(2-a;B + 2e2)) 

-{gtXB- ICTqAQe)- ^~ , ^ 

v^i^XBe (txB + (2 - a;B)Q2) ^TTl^ 



,5 ~t{l - xb)xb - Q' {xb -2(1 + e^)) 



(C.25) 

-1,1) helicity amplitude: 



o(2) ^Qe-ia.AXB/ (l-XB)Q'(^ + 2')e' (^b + (2 - a;B)Q')(l + v^TTl^) 



24 I {txB + (2 - Xb) Q2) ^TT? 2VTT- 

^Q'){txi + {2-XByQ' 

{tXB + {2-XB)Q')VT+^ 

^(3) ^ ( ^ 6Q - ia^AXB) f (2 - Xb + e^) + t ((3 - 2xB)a;B + e^) ^ ^ 
""^ 2xB \ (teB + (2-a;B)Q2)vTT? ^ ^ ' ' 

.4) ,t(l-a;B) , . 2M(l-a;B) , 5 (^b + (2 - xb)Q') (l - a/TTI^ 

^-^^"^7rTF+^"-" Vi + e^ "^^ WTTl^ 

, M (teB + (2 - xb)Q') il-2xB + VTT^) 
^ 2xbVT+^ ' 
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itXB + i2-XB)Q^)VTT^ 



^<y,A j^^2^^ ^ 2(2 - a;B)(l - xb)Q^ {tx^ + Q') 



a/TT? [ XB {tXB + (2 - Xb)Q') 



^ M^(l-.TB)(t + Q^) ^ (teB+(2-XB)Q')(teB(l-2a;B) + (2-3xB)Q') 



(7) _ itXB- iCTqAQe , , ,5 ,^^2^ 1 " ^^B + VT+e^ 



4(teB + (2-XB)Q2)^rT? 



2 2(1 - xb)xb (teB + Q') + (teB + (2 - xb)Q'') 



2xB {txB + (2 - xb)q2) yrr? 



-7' 



5 



2 I ^rTe2 

r (1 - o^b) (4(1 - xb) {txB + + {t + Q') e'' 



VTT^ 2 i XB xbVI + 



o(ii) . . 2e . 5^^B + Q' (l-Vl + e^) 



+ 7^M<| t + + ^-2txB-XBQ^ ■ 



2teB - 

^(12) , XbQ(^+6^)'6 ^ . (l-a;B)Q=^ (tXB + 6^ 



4(teB + (2-XB)Q2)yrT^ (i2;B+ (2-Xb)Q2) VTT^ 
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(C.31) 



^,(8) . XBQ(t+Q2)'e , . (l-a:B)QM^.^B + Q') 



4(txB + (2-a;B)Q2)va + e^ (^b + (2 - ,tb) Q^) v^T^ 

+ , - -,^fU ^ (2 - ..)a= + »XB(l-2.e) + (2-3..)g 3 

4Vl + e2 Sxb t Vl + ' 

o(9) ,eQ(f2,r^+ lf(l-,r^)Q2_,,^Qi) 



841 ^1+^ 
- (4(1 - xb) {txB + Q') + + e^) I (C.34) 

^(10) _ . XBQ{t^Q^)e r t(l-2xB)xB + (2-3a;B)Q' 

"+ {txB + (2 - xb)Q2) v^TT^ ''"'^^1 (teB + (2 - xb)Q2) vTT^ 

+ i f ^ - 2!/, + (^--b)Q- ^ t(l-2.B)xB + 6Mi-3xB + e-) . ^^ 33^ 



+ 4 ^^'t^ ' + l€U + - - + ^^^^"^ + r (C.37) 



Xb 



D Low Energy Expansion: CFFs and Tarrach /s 

For the low energy expansion we adopt the momenta in the center-of-mass frame as defined in 
Ref. [1]: 



qi = + + cj' - v^^^Tm^, 0, 0, g) 

g2 = (w', sin I?, 0, u' cos 



Pi = (v/g^ + M2,0,0,-g), 

P2 = + M2, -w' sin 0, -w' cos ^9) 



(D.l) 
(D.2) 

(D.3) 



D.l Low energy expansions as functions of fi 

Here we quote our results for the leading term in the low-energy expansion for the helicity 
CFFs in terms of Tarrach's structure functions f IC.ip . We will keep only the leading Non-Born 
contributions, i.e., hnear in u', and neglect all subleading 0{ijj') effects. 

• (1,1) helicity amplitude: 



2q 



-2q{q -UJo)fi- q 



8MAo + g'(4/n + h + f7- ^M{h - 2/6 - /g)) 
a;o(4/io + a;o(4/ii + /s + A + SM/e + AM f,)) 



-2(g-a;o)(2Mg/3-/i 



cos d 



(D.4) 



^11 = q 



q 



{q - coo)fi - Mg(4/n + /s + /t + SM/g + AMf, + 2qfs - 2LOoh 



q{q-ujo) + 2M{q + LOo) 



fio + q 



{q-coo)h-2qiMqf, + f: 



+ a;o(2/io + M(4/n + h + fr + SMf, + ^Mf, + 2qf,)) 



cos-i? 



= -^^(-o^'-^'N 4Ao + .(4/n + /. + /. + 8Mf, + 4M/,) 



11 



Lo'M^{uJo-2M - q cos ^) 



4/io + g(4/ii + /s + /7 + 8M/6 + 4M/9) I . 



(D.5) 
(D.6) 
(D.7) 



-1,1) helicity amplitude: 
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11 



u'M 



4 {t + 2Ma;o) ho + f 



^o(4/ii + /s + /7 + 8M/6 + 4M/9) - 4M(g + ^o)/3 



- 2q{q + Uo)fi - qcosd 



fi^fu + h + h- ^M{h - 2/6 - /g)) + 4a;o/: 



10 



+ 2Ma;o(4/n + /s + /r + SM/g + 4M/9 - 2^/3) - 2{q + c^o)/i 



(D.8) 



11 



2 {2M{q - cuo) - g(g + cuq)) /lo + g 



{q + ^o)/i - (4/n + /t + 4M(2/6 + /g) 



+ /5-2(g + a;o)/3) +q 
+ (g + a;o) (2/10-/1) 



Ma;o(4/ii + /s + A + SM/g + AMU - 2qfs) - 2Mq'h 



cos'd 



uj'M 
Q 



g (4/11 + /s + /r + 8M/6 + 4M/9) - 4/10 j{q-uJo cos , 
9(4/11 + h + f7 + 8M/6 + 4M/9) - 4/10 j (2M - a;o + gcos ^) 



(D.9) 
(D.IO) 
(D.ll) 



(0,1) helicity amplitude: 



01 



[4MgVi2 + ^0(4/10 + ^0(4/11 + /s + /t))] cos e - 2q' [4(M - cuo)h 



cote + - 



q 

sin 9 



g2(4/n-8/4 + /5 + /7) 



+ ^0(4/11 + h + f7 + 4M/12)] - 4 + uj^) 
+ 4a;o(/io + Muofu) + M sin ^ + M(/i + 4MV2 - 2Ma;o(/2 + 2/6 + /g)) 



^01 — 



(D.12) 

2g' (4/11 + /5 + A) - 8M (/lo + 2M/4 - gVi2) + 8^o(/io + 3M/4) 

8/10 - 2M(4/n - 8/4 + /5 + /r + 4M/12) 
2a;o(/ii-/4 + M(/2 + 2/6 + /9)) 



Uj'My/-Muo j 

q I 

- 8^0/4 - ^'^O COS 9 (/5 + A) 

+ a;o(8/ii - 8/4 + h + f7 + SMfu) 



cot 9 



sin 9 



+ 2qsin9 



-/1 + 2/10 + 4M/4-4MV2 



(D.13) 



01 



u'M r g2 
2^/^l^^uJ^\sin9 



4/10 + (8M - 6a;o)/4 + (^o(4/ii + /s + A + 4M/i2) - 2uJo cos 2^/4 



g3(4/n - 8/4 + h + f7 + 4M/12) + Sqcoof 10 + gc^o(4/ii + A + A + 4MA2) 
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- ooo (g'(4/n + h + f7 + ^Mf,2) + 4a;o/io) cos 6 



cote 



(D.14) 



Si 



01 



u'M^{q — uq cos( 
sm 



(4/11 - 4/4 + h + fj + AMfu) + AoJof: 



10 



cos 9 



- Q 



4/10 + (8M - Aooo) U + ^0 (4/11 + /5 + /7 + 4M/12) 



(D.15) 



E Born term for Compton scattering off nucleon 

In this Appendix, we list our results for the computation of the helicity CFFs in the Born 
approximation using the target rest frame. These will be extracted from Eq. ([5]) where the 
covariant Compton amplitude is replaced by its Born approximation, 



Born 
ab 



(E.l) 



making use of the definitions given in Eqs. (fT2|) -( IT4|) and (11321) . The r.h.s. can be decomposed 
into a sum of four terms that differ by the form factor products accompanying them, i.e., 

eNFi{-ql), e7vF2(-gi), KNFi{-ql) , and KNF2{-ql) , 

where we set cn = -Fi(O) and = -^2(0) and use in the following also the nucleon magnetic 
moment = + i^n- We find (suppressing superscript Born) 



4v/rT^(l - xb) (1 + ^) 

2v/rT^(i + ^) 1 Q 



xt 



4(1 -xb) (1 + ^) 



[knFi + /i^Fa] (E.2) 



4M2 (2-XB + ^)^ + XB(l + i) F2 

-Tl z ^ H 



(1 + ^)(1-xb) 



2(1 -xb) 



u 



(1 + + XB {2-XB + ^) 



1 + 



XBt 



(1-xb)(1 + ^) 



(E.3) 



2yrT^ 



^7vi^2 {l-^)eN[Fi + F2 
2{l-XB){l + m 



Xb 



2 - XB + f# 



(1-xb)(1 + ^) 
(1 + bVTT^) (2 - Xb + ^) 



(2-xb)F2 + ^[2Fi + F2] 



t 



+ ( 1 - 0^ ) [«:jvFi - ejvFs] 



(E.4) 



2-XB + 



XBt 



xbVTT^ 



{eN{l-XB)F2 + HN [F1+F2]} 



[2Fi + F2] (3 + ^) CN [Fi + F2] 
2xb(1-xb)(1 + ^) 
(2 - XB + ^) 



Xb 



4xBv/rT^(l - xb) (1 + ^) 



At7v(l - Xb) 
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So 



2- xb 



XBt I SxbM'^ 
-nT -\ 7r2 — 



QVT- 

{-1)V2K eN[e^Fi-xlF2 



2(1 -xb) (1 + ^) 
1 + 



+ 



4xbM2 

(l-XB)g^ A Q 



+ 



t 



0+ 



1 I XBt 



4M2 



(E.5) 
(E.6) 



Qv^n^ (1 - xb) (1 + ^) V2KVTTe 



v^iTxB (2 - XB + ^) fe^Fa (l + /^^ 



. , XBt (1 + ^) 
^ 2 



0+ 



-1)V2K (2-XB + ^)^ 



Q^/rT72 2(1-xb)(1 + ^) 
(2 - Xb + ^) Q 



2(1 -xb) (1 + ^) 



4M2 



(E.7) 



(E.8) 



4xbM2" 



2V2KxbVT+~^ 



4 - 2xb + 3e2 + (4(1 - xb)xb + e^) 



eNF2 



(E.9) 



Notice that in the longitudinal helicity-flip CFFs a spurious kinematical 1/K singularity appears, 
which cancels, however, in electric-like combinations introduced in Eq. (11061) . Hence, the Born 
result is well defined for any value of kinematical variables, except for the elastic poles at s = 
{xb = 1) and u = {xb = -Q^/t). 
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